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1 
Ab��

Introduction T�dq�

About Concurrency ���zt�� �� 1.1

Tflt�m�� �A�wkm�� Cd� ¢��� (Concurrency) ���zt�� �Är`u§

,©E�wt�� Yl� @yfnt�� Yl� Ty�EC�w� ¤� Ty��r� ¤� A� T��sm�

�A\n�A� ��Aqm�A�¤ .Ayn�E �VAqt� �kK� ¤� ¢sf� �w�A� ©�

�A�wk� d� �� ��¥� �A\� w¡ (Concurrent System) ���ztm��

�A�wkm�� £@h� dOq§¤ .©E�wt�� Yl� @fn�  � AhS`b� �km§

¤� (Events) ��d�±�¤ ,�Ay�EC�w��� ¨� Ty��rb�� �Amyl`t��

(1)
.A� T��s� TF�C dn� (Actions) �A`�±�

�\� ¨� �d�� d� ¨t�� Synchronization Tylm� ¢�� An¡ ���zt�A� dOq§ ¯
(1)

.@yfnt�� ��E ¨� �VAqt�� ¨n`� Am��¤ ,T�A��� Hf� �ltm� Ahl`�� �A�Ayb��
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A�r�Ð Am� Ty��r� �kJ Yl�  wk�  � Tn��ztm�� �\nl� �km§

T�AR� .E�wt� �kK� A¡@yfn� �km§ ¨t�� ��wW��� {`� Yl� ©w��

d� �� ��¥� �Ew� �A\� �kJ Yl�  wk�  � Ahnkm§ ,��@�

�� d§d`�� @yfnt�  A� �wq� ,(Processes) �A��A`� ¤� 	yF�w�

.�rt�³� TkbJ ¨� £�r� A� �@¡¤ ,Ahny� Amy� ©E�wt�� Yl� �Ahm��

¨� �sls�  w�¤ �d� Tn��ztm�� �\n�� ¨n`� ®� ��Aqm�A�¤

Yl� dmt`m�� �A�wkm�� {`� Yl� ©w�� dq� ,Ah�A�wk� @yfn�

Yl� ©w�� d� ¤� .�w�� Hfn� A¡@yfn� �km§ ¯ ¨t��¤ AhS`�

.Xq� A¡�d�� ¯� @yfn� �km§ ¯ T�CASt� �A�wk�

(Composition)	y�r��� Tn��ztm�� �\n�� �tn� d� ,��@� T�AR�

(Tn��zt� ry�  wk� d�) (Processes) �A��A`� ¤� ���r� T`S�

���zt� �A\n� Ahy�� r\n�� �ty�¤ ©E�wt�� Yl� A¡@yfn� �ty�

Am¡�d�� �wq� (Two processes) �yt��A`� A�rbt�� �Ð� ®�m� .d��¤

£�wt�� T�AbV¤ r��@�A� ��w� º�rq� Ty¶Ah� ¯ Tql� �®� ��

�� r��@�� ¨� ��wm�� Hf� ºlm� «r�±� �wq�¤ ,TJAK�� Yl�

Ahny� An� �km§ .AS§� Ty¶Ah� ¯ Tql�� Ty¶�wK� �A�C� dy�w� �®�

º�rq�A� ¢�A�wk� «d�� �wq� d��¤ �A\n� �yt��A`m�� Y�� r\n��

A¡�d�� r\tn� �y�� ,T�Atk�A� r�µ�  wkm�� �wq§ Amny� T�AbW��¤

dy�wt�� Tylm`� An¡ �km§ .T�rtKm�� r��@l� �w�w�� dn� «r�±�

,�slst�� Yl� ¤� ,T�AbW�� Tylm� �� ©E�wt�A� @fn�  � ¨¶�wK`��

.(Concurrent)  Atn��zt�  Atylm� Amh�

Yl� Tn��ztm�� �Aylm`�� @yfn� ���zt�� ªrKt§ ¯ ��Aqm�A�

¯� 	�y� .�slst� �kK� AS§� A¡@yfn� �km§ �� ,©E�wt��

�A\nl� ¨¶Ahn�� ��An�� Yl� Tn��ztm�� �A�wkm�� @yfn� 	y�r� r�¥§

@fn�  � r��@�� º�r� d`� �km§ ,��As�� An�A�� ¨f� .[21]
 d� dy�w� Tylm`� T�wbt� º¤rqm�� Tmyq�� �lt� T�AbW�� Tylm�

 d`�� dy�w� �km§ ¤� .(r��@�A� ¢t�At�  ¤ ) d§d� ¨¶�wK�

 d`�� T�AbV �� (r��@l� T�Atk��  ¤ ) ¯¤� d§d��� ¨¶�wK`��
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.T�wbWm�� Tmyq�� Hf� Y�� © ¥yF Am¡®k� ,r��@�� �� º¤rqm��

�O�ns� ©E�wt�� Yl� �ytylm`�� �l� @yfn� An¡w� Am� �km§¤

.AS§� ��An�� Hf� Yl�

��d�±� �l�  � �y�� ��d�±� Ty�®qtF� Yl� �d§ ���zt�A�

AhS`� �� 
CAS� ¤� A� T§ Amt�A� AhS`b� Xb�r� ¯ Tn��ztm��

A¡@yfn� �km§ ¨�At�A�¤ .A¡d�� �y� CAyt�®� rWS� �y�� {`b��

. A� 	y�r� ©�� ¤� ©E�wt�� Yl�

Ahlyl��¤ Ty��rb�� �\n�� TF�Cd� ���zt�� T§r\� Pt��

,�w�� Hfn� A¡@yfn� �km§ {`b�� AhS`� �� Tlqts� º�z�±

�kK� @fn� {`b�� AhS`� Yl� dmt`� «r�� º�z�± ��@�¤

A¡d�� CAyt�� Anyl� 	�§ AhS`� �� r�Ant� º�z�� ¤� �slst�

(2)
.@yfntl�

TyRA§C T�@m� ��¤ ± T�A��� 1.2

�¶�rW�A� Yms§ A� ¤� ¨RA§C �kK� T�r`m�� T�@mn�� ��¤ � r�w�

�y� �kK� �\n�� �y}wt� Ty�Ak�� (Formal Methods) T§CwO��

�rf�� �y� 	VA�tl� Tqy� TlyF¤ ��@� r�wt� .�§¤�t�� �bq§ ¯

�w� rysft�� �®t�� Anbn�§ Am� ,�\n�� �ymO� dn� Tflt�m��

.�\n�� �l� �ymO�

�\n�� TF�Cd� �ÐAmn��¤ TyRA§r�� ��¤ ±� �� d§d`�� �§r`� ��

©rt� �AkbJ¤ (Event Structures) ��d�±� Yn� ��� ,Tn��ztm��

�A��A`m�� rb�¤ ,(Actor Model) �iÌ�mm�� �Ðwm�¤ (Petri Nets)
�§r`� AS§� �� .Ah�d�� ©rt� �AkbJ d`� �y� ,(Process Algebra)

¤� Tlqtsm�� º�z�±� @yfn� Ty��� ��Aqm�A� Ty�rft�� T��rb�� Pt�� Amny�
(2)

.@yfnt�� ��@� 	s�±� Ty�wFA��� Tynb�� CAyt��¤ ©E�wt�� Yl� A¡@yfn� �km§ ¨t��
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�l� TF�Cd� (Temporal Logic) ¨n�z�� �Wnm�� ��w�� �� d§d`��

(Linear Temporal Logic) ¨W��� ¨n�z�� �Wnm�� ��� ,�\n��

.(Computational Tree Logic) Ty�As��� r�K�� �Wn�¤

�AkbJ �®� �� Ahf§r`� �� d� �¯AO�¯� �\� {`�  � «rn�

.[12] (Semantics) TyRA§C T�¯ ¤� �y� Yn`� Ah¶AW�³ ,©rt�

�m� TOn� ºAnb� �A��A`m�� rb� ��d�tF� �� dq� ��@�¤

�� �q�t��¤ (Web Service) 	§w�� �A�d� �ymOt� (Framework)
Yn� ��d�tF� �� dq� ,��@� T�AR� .[16] AhO¶AO�¤ Aht�}

.[10] �Ay�y��rtF¯�¤ 
A`�±� T�@mn� ��d�±�

 � �� �q�t�� �km§ TyRA§r�� �ÐAmn�� ��d�tFAb� ��@�¤

Q�w� �� wl�� �ÐAmn�� �lt� T�@mnm��¤ TF¤Cdm�� �\n��

��CAsm�� �ym� ¨� Tny`� Q�w� Yl� ©wt�� ¤� ,T�w�r� ry�

A� ¨� £�r� A� �@¡¤ ,x¤Cdm�� �A\n�� Ahkls§ d� ¨t�� Tlmt�m��

.[15] (Model Checking) �ÐAmn�� P�f� Yms§

C¤r� �A\� ¨� º�rm��� CAJ³�  � �� �q�t�� ®�� �kmy�

CAJ³�  � ¤� .Tny`� Tyn�E rt� d`� º�rf} CAJ�� �bttF A�

CAJ�� C¤rm��  ¤ rJAb� º�rS� CAJ�� �bt� �� º�rm���

��� �y`� �f� Ty�� T�@m� dn� �q�t�� �km§ T�AR� .º�rf}

�y�r� (Lock) �fq�� 	lV �km§ ¯ ¢��� (Semaphore) Cw�Amys��

 ¤ (Critical Region) T�r��� TqWnm�� Hf� Yl� �yty�Att�

.
w�r� ry� r�� �@h� ,(Release) �fq�� r§r�� 	lW� C¤rm��
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��d�±� Yn� �� 1.3

Abou Event Structures

�AyFAF±� Hm� Ah�� �y� T�@mnl� TWys� � � ��d�±� Yn� rbt`�

.���... T§ w`��¤ �Aql��� �� �dy`� ,Ahny� �A�®`��¤ ��d�±A�

Xsbm��¤ �R�w�� ¨RA§r�� Ah�Ðwmn� ��d�±� Yn� ��d�tF� �kmy�

�AkbJ¤ �Aylm`�� Cwb� ��� «r�� �ÐAmn� TyRA§C T�¯ ºAW�³

¨�wFC �kK� ��d�±� Yn� �� ryb`t�� �km§ ,��@� T�AR� .©rt�

.T�@mn�� Tylm� �hs§ Am� ,«rnF Am� Xys�

Event �d��� �whf� 1.3.1

Yn� �Ðwm� ¨�¤ .Tyn`� Tyn�E T\�l� �q§ A� r�� w¡ �d���

.Crkt� ¯ ��d�±�  �� 
Atk�� �@¡ ¨� ¢y�� �rWtnF ©@�� ��d�±�

¢ly�m� �ty� C�rktl� ��A� �y`� (Action) �`� �An¡  A� �Ð��

�@h� A§ A�� �C�rk� ��m§ Ahn� �� �y�� ��d�±� �� Tlsls�

,��r� �®�� Crkt� Tny`� º�rJ Tylm�  � AnRrt�� �Ð� ®�m� .�`f��

Ty��wt� ��d�� �®� �®� �� ��d�±� Yn� ¨� Ahly�m� �ty�

.º�rJ Tylm� ��m§ Ahn� �� e1, e2, e3, . . .

Causality Tybbs�� 1.3.2

®� ,��d�±� �y� �sls� ¤� T§ Amt�� T�®� �An¡  wk§ A�  A�

r�µ� �d��� ��Ð �b� �¤d��� b r�� Yl� dmt`§ a �d�� �km§

.¯¤� �¤d��� �� (	ibsm��) b ¢yl� dmt`§ ©@�� �d�l� d� ®� .b
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¢yl� dimt`m�� �d���  �� b 	bsm�� �d��� �w�¤ dn� An¡ �wq�¤

.¢�¤d� �� ��A� ®� �¤d��� ¢nkm§ ©� ,¢ly`f� �� d� a
£C¤d� ©@��¤ ��d�� �b�  w�zl� �tnm�� �AFC� �km§ ¯ ,®�m�

.º�rK�� �b� ¢�¤d� �km§ ¯

order
pay

ship

.��d�±� �y� T§r¡w� T�®� ¨¡¤ Tybbs�A� T�®`�� £@¡ Yms�

��d�±� �w�¤ Tymt� ¨n`� ¯ An¡ Tybbs�� T�®�  �� � � �kK�¤

(3)
.��d�°� (�ykm�) �y`f� T�®� ��m� Am��¤ Ahly`f� �t§ ¨t��

T�®� T�At� �kmy� (Logic) �Wnm�� �l� Cw\n� �� A��

 � ¨n`§ A� pay =⇒ order �kK�� Yl� ��As�� �A�m�� ¨� Tybbs��

r�� Yn`m� �d§ Am� ,º�rJ Tylm� �w�¤ C¤rS�A� ¨Stq§ ��d��

�w�w� (�E¯ 	bF) C¤rS�A� ��AF �d� º�rK�� Tylm�  � Yl�

.��d�� Tylm�

T�®� Yl� �r`t�� d`�¤ ,Crktm�� º�rK�� Tylm� Y��  w`�Ab�

��d�±� Yn� ¨� Crktm�� �A`�±� �l� ��� �y�m� Annkm§ ,Tybbs��

�y��¤ ,A�r�Ð Am� e1, e2, e3, . . . Ty��wt� ��d�� TlslF �®� ��

C�rktl� d� ®� ¨h§d� �@¡¤ .¢qbF A� Yl� AybbF Ahn� �� dmt`§

 d� �� A��¤ .�@k¡¤ ,�¤±� C�rkt�� d`� ¯� �q§ ¯� �`f�� �� ¨�A���

Crkm�� �`f�A� ,�`f�� ��C�rk�  d� Yl� dmt`§ �@h� ,��d�±� £@¡

A� �@¡¤ ,��d�±� �� Tyhtn� ¯ Tlsls� ¢ly�m� �t§ ¢tn� ¯ �kK�

(4)
.��d�±� Yn� ¢� �ms�

	�§ ¨t�� ��d�±� �� �wn�� �@¡ �y�m� �kmm�� �� ¢�� �.5 ��lm�� ¨� «rnF
(3)

.Ah�¤d�� ¨n�z�� CAV³� d§d�� �®� �� Ahly`f� dn� Ah�w�¤

�®WR®� [34, 31, 17] ���rm�� Y�� CAJ³� �km§ �wRwm�� �@¡ ¨� �Fwtl�
(4)
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. . .
e1 e2 e3

Conflict r�Ant�� 1.3.3

�`�§ A¡d�� �w�¤ ¨t��¤ T�CAStm�� ��d�±� r�Ant�� T�®� ��m�

dn� ®�m� .¢`� r�Antm�� r�µ� �d��� �w�¤ �y�tsm�� ��

Hy�¤ �§º�¤ d�� ºAW�� 	ybWl� �km§ A� |r� Py�K�

.Am¡®�

diagnosis

med1

med2

X� �kJ Yl� ¾Ay�wFC ��d�±� �y� r�Ant�� �y�m� �t§ A�  A�

¨l§ Amy� «r� ®�m� .�hF±� �®� �� ��mt� Tybbs�� A�� �Wqt�

�km§ ¯ �y� ,A`�  At�d�ts� r�Ant��¤ Tybbs�� T�®� �� ¯A��

ºAW�� �km§ ¯¤ ,(TybbF) Py�Kt�� �b� T§¤ ±� �� ©� ºAW��

.(r�An�) {§rml� �§º�¤d��

���rb�� ¨� if/else Tyn� �y�mt� r�Ant�� T�®� ��d�tF� �km§

.else ¨l� ¨t�� ��d�±� ¤� if ¨l� ¨t�� ��d�±� A�� @yfn� �km§ �y�

.A`� Am¡@yfn� �km§ ¯¤ r�An� Yl� �ytltk�� ¨� ��d�±A�

C�rkt�A� �ms� ¨t��¤ (Petri Nets Unfolding) ©rt� �AkbJ Xs� Tylm� Yl�

.��d�±� Yn� �®� �� Ahly�m� Tyfy� Yl�¤
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Independent Events Tlqtsm�� ��d�±� 1.3.4

¾A��d�� r�An� T�®`� ¤� TybbF T�®`� TWb�r� ry��� ��d�±� rbt`�

Hfn� �w�w�� Ahnkm§ �y� ,Ah�w�¤ �sls� Yl�  wy� ®� ,Tlqts�

�Aq§¤ ,r�µ� d`� A�d� Ah�w�¤ �km§ ¤� (Simultaneously) �w��

.(Interleaved) TqaÄCw� Ah���

C�d}� Tylm� �t�  � ��d��¤ º�rK�� Tylm� d`� �km§ ®�m�

�w�� Hfn� ©� �qts� �kK� ��K�� Tylm� ��@�¤ Cw�Af��

.¨�Att�A� ¤�

order
pay

ship

bill

Ty�¤±� ��d�±� Yn� 1.4

Prime Event Structures

��w�� Xs�� (Prime Event Structure) Ty�¤±� ��d�±� Yn� rbt`�

,A¡An�r� ¨t�� T�¯d�A� Tybbs�� T�®� �S� ¨h� ,��d�±� Yn�

ªrtK§ ¨t��¤ d��w�� �d�l� 	bs� �� r���  w�¤ Ty�Ak�� ��

(5)
.�d��� ��Ð �y`ft� A`ym� Ah�¤d�

�km§ �y� T§rZAn� ry� r�An� T�®� �� ¯A�� Tq�¯ �wO� ¨� «rnF
(5)

C¤rS�A� ¾A�y�} Hy� Hk`�� �k�¤ �r�� A�d� d`bts§  � �d��
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e1

e2

e3

e4

e7

©C¤rR e1, e2 �� �� �¤d�  � ,£®�� �Rwm�� �A�m�� ¨f�

.e3 �y`ft�

r�An� T�®� Yl� Ty�¤±� ��d�±� Yn� �mtK� ,��@� T�AR�

¢yl�¤ e4 �d��� (�� r�Ant§) e3 �d��� d`bts§ ®�m� ,T§rZAn�

.e3 �d��� (�� �r�Ant�  wkyF) AS§� e4 �d��� d`bts§

	y�r� T�®`� Tybbs�� 1.4.1

Causality as a Partial Order

�km§ ¯ e7  A�¤ e1  ¤ ¤� e2  ¤ ¢�¤d� �km§ ¯ e3  A� �Ð�

�¤d�  ¤ e7 �¤d� �km§ ¯ ¢�� �AtntF¯� �kmy� e3  ¤ ¢�¤d�

��d�±� Tyn� ¨� Tybbs��  � �wq�� �kmy� ¢yl�¤ .e2 ¤ e1 �� ��

.T§d`t� T�®� Ty�¤±�

dR T�®� Tybbs��  � Ty�¤±� ��d�±� Yn� AS§� |rtf�

	�y� e1 Yl� dmt`§ e3  A� �Ð� ©� ,(Anti-symmetric) T§rZAn�

T§ Amt�¯� �� Tql�� An`�¤ ¯�¤ e3 Yl� �dmt`� e1  wk§ ¯�

,(Dead Lock) Aty� ®f� ��m� ��¯ �O� ¨� Ahyl� �r`tnF

.�yly�ts� �y�d��� �� �� �b}±¤

	y�rt�� T�®`� �yyFAF±� �y�wqm��  Aty}A���  A�A¡ rbt`�

(Transitive) T§d`t�¤ T§rZAn� dR wk�  �ªrtK�¨t��¤ (¨¶z���)

Ty}A��� Ty�¤±� �AyW`m�� Yn� |rtf� .(Reflexive) TyFAk`��¤

Yl� dmt`� w¡ �d� ��  � ¨n`§ ¯ �@¡¤ Tybbs�� ¨� TyFAk`�¯�
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©EA�� Yn`� Ah� Am��¤ ,«r�� Yn� ¨� Ankm� £�rnF Am� ¢sf�

.¨¶z��� 	y�rt�� ª¤rJ �� ¨JAmtl�

¯¤  A� T§d`tm�� T�®`�� �FC Ty�wFr�� Tl��±� ¨� �t§ ¯

�FC �t§ Amny� ,Ah�AtntF� �km§¤ �}A� �yO�� ¨h� TyFAk`�¯�

.Tflt�m�� ��d�±� �y� rJAbm�� Tybbs�A� T}A��� �hF±�

Conflict Heredity r�Ant�� T��C¤ 1.4.2

e3  A�¤ ,r�Ant�� T�yt� e3 �¤d� d`bts§ e4 �¤d�  A� �Ð�

 ��¤ ?e7 d`bts§ e4  � �AtntF¯� �km§ ®�� ,e7 �¤d�� A§C¤rR

?¨nmR r�An� Yl� e5 ¤ e3
 w�¤ ��d�±� Yn� ªrtK� ,A�R�¤ ¨nmS�� r�Ant�� �@¡ �`��

 � �y� Tybbs�� T��Cw� Yms�¤ ,��d�±� �l� �y� �R�¤ r�An�

Tl`fm�� ¤� Tbbsm�� ��d�±� «d� ¨t�� ��r�Ant�� �r§ �d� ��

.¢�

¨RA§r�� �§r`t�� 1.4.3

��d�±� Ynb� (Th�AKtm��) TyRA§r�� �§CA`t�� �� d§d`�� �An¡

�§r`t�� Yl� dmt`nF An¡ �k�¤ [35, 33, 34, 24] ¨� Am� Ty�¤±�

.[35] �� Ðw��m��

Definition 4.1.1. A Prime Event Structure (PES) is a triple
π = (E,#,≤) where:

� E, a set of events
� # ⊆ E2, an irreflexive symmetric relation (the conflict

relation)
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� ≤⊆ E2, a partial order (the enabling relation)
that additionally satisfies the conflict heredity and finite causes
constraints, respectively as follows:

1. ∀e, e′, e′′ ∈ E . e#e′ ∧ e′ ≤ e′′ =⇒ e#e′′

2. ∀e ∈ E . {e′ ∈ E | e′ ≤ e} is finite

�d� �Abbs� T�wm��  wk�  � Ty�¤±� ��d�±� Yn� |rtf�

,�§r`t�� ¨� ¨�A��� ªrK�� ¢yl� Pn§ A� �@¡¤ Tyhtn� T�wm�� A�

,Tyhtn� ry�  wk�  � Ah��Ð d�� E ��d�±� T�wm�m� �ms� Amny�

ry� �Aql��� {`� T�@m� �� Aq�¯ «rnF Am� AnnkmyF A� �@¡¤

.��d�±� �� Tyhtn� ry� TlslF �®� �� Tyhtnm��

 wk� ¯� r�Ant�� T�®� Yl� ��d�±� Yn� ªrtK� ��Aqm�A�

¯�¤ ,Ah��Ð �� r�Ant� ��d�� Yl� ©wt�� ¯� ©� ,TyFAk`��

.Tq�®�� rqf�� ¨� «rnF Am� Tly�ts� ��d�±� �l� �b}±

�kK�A� £A� � Tynb�� T�At� �km§ ��As�� �§r`t�� Yl� ºAn�¤

:¨�At�� ¨RA§r��

π =
(
{e1, e3, e4, e7} ,

{(e1, e3), (e3, e7), (e1, e7), (e1, e1), (e3, e3), (e7, e7), (e4, e4)} ,

{(e3, e4), (e7, e4)}
)

e1
e3

e4

e7
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2 
Ab��

��d�±� Yn� ¨� @yfnt�� �whf�

System Run in Event Structures

System Run @yfnt�� �whf� 2.1

e1

e2

e3

e4

e7
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.Amhyl� ¤� e2 ¤� e1 �d��� �w�¤ £®�� �Rwm�� �A�m�� ¨� �km§

¢�� �wqn� A� ��A�rb� ��wW� ��m� ��d�±� £@¡ �A� �Ð�¤

�� A¡ry�� Ah`ym� ��d�±� Ynb� .��d�±� �l� @yfn� �km§

T�wm�� Yl� T�¯dl� (Run) @yfnt�� �whf� r�w� TbFw��� �ÐAm�

Tl�mtm��¤ ,T�r`m��  wyq�� ��¤ A¡@yfnt� �ms§ ¨t�� ��d�±�

�@yfn� �kK� ¯ {e1, e3} ®�m� .���... Tybbs��¤ r�Ant�� T�®`�

�¤d� dqtf� Ah�± ��As�� �A�m�A� ��mm�� (System Run) �A\nl�

�@yfn� rbt`� ®� {e1, e2, e3, e4} ��@�¤ .e3 �¤d�� �E®�� e2
.r�Ant� ��d�� Yl� Ah¶�wt�¯ AS§�

Configuration �ykKt�� 2.2

	y�rt� �S�§ A� Ahn� �AkJ� d� �®� �� @yfnt�� �y�m� �t§

Yms§ A� w¡ �AkJ±� £@¡ Xs�� «d�� .�S�§ ¯ A� Ahn�¤ ¨RA§C

��d�±� Yn� ¨� �ykKt�� �r`§ �y� .(Configuration) �ykKt�A�

��d�� �� Ty¶z��� C ��d�±� �� T�wm�� ¢�� Yl� Ty�¤±�

¨� �d� �� ��� ��¤ ,r�Ant�� �� Ty�A�  wk� �y�� E Tynb��

�l� ¨� �q� �d��� ��Ð �®`f� �ym�  �� T�wm�m�� �l�

:©� .(Tybbs�� T�®� Yl� CAsy�� �� Tql��) T�wm�m��

� C ⊆ E
� ∀e1, e2 ∈ C . ¬e1#e2
� ∀e ∈ C . ∀e′ ∈ E . (e′ ≤ e =⇒ e′ ∈ C)

Tq�As�� Tynb�� ¨� ®ykK� ��m� {e1} T�wm�m��  � �wq� ®�m�

�®`fm�� �� £ry� Yl� dmt`§ ¯ e1  ±¤ r�Ant�� �� Ty�A� Ah�±


AbF°� ®ykK� {e1, e3} T�wm�m�� ��m� ¯ Amny� .�Abbsm�� ¤�

.Aq�AF A¡A�r�Ð ¨t��
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Yl� ©w�§ ¯ �ykKt�A� ,��d�±� �w�¤ 	y�rt� Tbsn�A� A��

�®� �� ��d�±� �w�¤ 	y�r� ªAbntF� �km§ �y� ,	y�r� ©�

(1)
.Tynb�� «wts� Yl� T�r`m�� Tybbs�� ¤� 	y�rt�� T�®�

.C(π) þ� π Tny`� Tyn� �®ykK� T�wm�� Y�� ryK� ,�ry��

�®ykKt�� Tl¶A� 2.3

Family of Configurations

¯ �k�¤ .��d�� Tynb� ��m� �A\� ¨� A� @yfn� �� rb`§ �ykKt��  �

�ykKt�� �� º�dt�� ,@yfnt�� CwW� �� Tl�A� Cw} ©r§  � ¢nkm§

¨� ®�m� .�®ykKt�� Tl¶A� �whf� r§wW� �� ��@�¤ .¨�A���

:Ty�At�� Tynb��

a
b

c

d

e

:Ty�At�� �®ykKt�� �AqtJ� �km§

T�r`� ��d�°� 	y�r� T�®� r�wt§ ¯ �y� «r�±� ��d�±� Yn� {`� ¨�
(1)

¢sf� �ykKt�� ��d�� «wts� Yl� 	y�r� T�®� �§r`� �t§ Tynb�� «wts� Yl�

.4.1 ¤ 3.3 �wOf�� ¨� «rnF Am� ,Tb�r� T�wm�� �kKy�
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∅

{b} {b, e} {b, e, a} {b, e, a, d}

{e} {e, a} {e, a, c}

{c} {c, e}

Ahy�� r\n�Ab� .�®ykK� Tl¶A`� Tq�As�� Tynb�� Yms� �y�

«r�� ��d�� d`� �q�  � �km§ ¨t�� ��d�±� ¨¡ A� T�r`� �km§

«r�� ��d�� �� �d�� �¤d��� ¢nkm§ ¯ ��d�±� �� ©�¤ (Tybbs��)

«wF sy� ¨h� �®ykKt�� �y� TW��r�� �hF±� �� A�� .(r�Ant��)

.⊆ �A�wm�m�� º�wt�� T�®�

��d�°� �km§ ¨t�� d��wq�� ��m� ��d�±� Yn� �A� �Ð��

�� �km� w¡ Am� rb`� �®ykKt�� �¶�w�  �� ,Ahq�¤ �w�w��

.�®ykKt��

Tl¶A� ¨¡ �®ykKt�� �� T�wm�� ©�  � �wq�� �km§ �¡ �k�¤

AhV¤rJ¤ Ahf§r`� �®ykKt�� �¶�w`�  � ���w�� ¨� ?�®ykK�

Ah�� �®ykKt�� �� T�wm�� �� �� �wq�� �km§ ®� ,T}A���

.[25] ¨�  C¤ Am� �®ykKt�� �¶�w`� �§r`� ¨l§ Amy� .Tl¶A�

Definition 3.2.1. A family of configurations is a set C of con-
figurations satisfying:

� ∅ ∈ C
� ∀F,G,H ∈ C . F ∪G ⊆ H =⇒ F ∪G ∈ C
� ∀F ∈ C . ∀a, b ∈ F . a 6= b =⇒ ∃G ∈ C . G ⊆ F ∧ (a ∈
G ⇐⇒ b /∈ G)

d�� ¨�A��� �ykKt��  wk§  � �®ykKt�� �¶�w� ªrtK� �y�

®�� �� @yfnt�� º�dt�� �km§ ¢�� �mS§ �@h� .Tl¶A`�� �l�  �r��
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AmhmS§ ��A� �ykK�¤ F,G �ylykK�  w�¤ dn� ,T�AR� .º¨J

�l� ¨� ®ykK� F ∪G  wk§  � 	�§ ,Tl¶A`�� Hf� ¨� F ∪G ⊆ H
{e} , {c} �ylykKtl� A�r\� �Ð� ��As�� �A�m�� ¨� ®�m� .Tl¶A`��

�l� �mR d��wt� {e, c} �ykKt��  � «r� {e, a, c} �ykKt��¤

�l� �®ykKt�� T�wm��  wk� �� �ykKt�� �@¡  ¤db� .Tl¶A`��

�y�d� ©� ��� �� ¢�� w¡ ry�±� ªrK�� A�� .�®ykK� Tl¶A�

¨¶z� �ykK� �ln¡  wk§  � 	�§ F �y`� �ykK� �� a 6= b
.Hk`�� ¤� ,a ©w�§ ¯¤ b �d��� ©w�§ ,Tl¶A`�� Hf� ¨� G ⊆ F
 ¤ T§wF Am¡@yfn� �t§ �y�d� d�w§ ¯ ¢�� �� ªrK�� �@¡ rb`§

.£ rfm� Am¡d�� @yfn� Ty�Ak��

Yl� �®ykKt�� Tl¶A� ©wt��  � ©C¤rS�� �� Hyl� ��Aqm�A�

rbt`� {∅, {b} , {c}} �®ykKt�� T�wm�m� ,Tynb�� �®ykK� �ym�

�yt�wm�m�� ��@�¤ Cw�@m�� ª¤rK�� ¨�wts� Ah�± Tl¶A�

.{∅} ¤ {∅, {b}}

A� ��d�� Tynb� TyRA§r�� T�¯d�� �®ykKt�� �¶�w� ¨W`�

��w�� �y� T�CAqml� Aq�¯ Ah�d�tsnF¤ ,(Ty�¤±� Ynb�� ��@�A�¤)

.(Expressive Power) T§ryb`t�� Ah��Cd�¤ Tflt�m�� ��d�±� Yn�

T�¯d�� ºAW�� �km§ ¯ ��d�°� «r�� Yn� d`� Amy� «rnF �k�¤

ryb`t�� Yl� C A�  wk� �� ¨t��¤ ,�®ykKt�� �¶�w� �®� �� Ah�

�ltm� �ÐAmn� T�A��  wknF A¡dn� .T�d� Tnkmm�� ��@yfnt�� Yl�

.rb�� T§ryb`� Cd�

�ytynb� �ykKt�� �®¶A� �¤As� �Ð� ¢�� [34] ¨�  A¡rb�� �� dq�

��d�±� �y� ��) C¤rS�A� �yt§¤Ast� �ytynb�A� ,�yty�¤�

.AS§� �y�} Hk`��  �¤ ,(T§r�Ant��¤ Tybbs�� �AVAb�C¯�¤
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Trace r�±� 2.4

Yl� £CAbt�� �kmy� .Any`� �@yfn� ��m§ ,��d�°� �sls� w¡ r�±�

�r`§ A� �@¡¤ ,��d�±� �� �slst� �y`� �ykK� �� �AqtJ� ¢��

.(Linearization) þ�A�

a b c

d

,£®�� T�Rwm�� Tynb�� ¨� r�� w¡ a, b, d �slst��  � ®�m�

 � w� Am� r�±� CwO� �km§
(2)

.��d�°� Aylsls� �@yfn� ��m§

¨�  w�wm�� ��d�±� @fn§  � ¢yl� ,d��¤ ��A`m� AbFA� An�Ew��

�slst�A� ¤� a, b, d �slst�A� A¡@yfnt� �wqy� {a, b, d} �ykKt��

�km§ ¯ ��Aqm�A� .Tynb�� Hf� ¨� �r�� AS§� rbt`§ ©@��¤ b, a, d

��Ð  ± d þ� ¨htn§ ¯ �slst� �@¡ {a, b, d} �ykKt�� ��d�� @yfn�

�A�®`�� �rt�§  � r�±� Yl`� ,Tq�As�� Tynb�� ¨� �r�� ��m§ ¯

T�®� �rt�� ¯ d þ� ¨htn� ¯ ¨t�� �®slst��¤ .Tynb�� ¨� T�r`m��

�Abbsm�� �w�¤ 
w�¤ Yl� Pn� ¨t��¤ Tq�As�� Tynb�� ¨� Tybbs��

T�AR� .r�Ant� ��d�� Yl� ©w�§  � r�°� �km§ ®� ¢yl�¤ .¾¯¤�

��d�� �ym�� ®�AJ r�±�  wk§  � ©C¤rS�� �� Hy� ,��@�

.a, b, c ¤ b ��@�¤ ,Tq�As�� Tynb�� ¨� r�� w¡ a �slst�A� ,Tynb��

π = (E,#,≤) Ty�¤� ��d�� Tyn� ¨� r�±��§r`� �km§ ,AyRA§C

��d�±� �� �sls� �kJ Yl� �d§d�� 
Atk�� �@¡ ¨�¤ A�wm� CA�µ� 	atku�
(2)

�ymyl� CAsy�� �� ¹dtb§
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:�y�� σ = e1, . . . , en ��d�±� �� �sls� ¢�� Yl�

� {e1, . . . , en} ⊆ E
� ∀e, e′ ∈ {e1, . . . , en} . ¬(e#e′)
� ∀e ∈ E, i ≤ n . (e ≤ ei =⇒ e ∈ {e1, . . . , ei})

(Tlqtsm��) ��d�±� @yfn� ©r§  � r�°� �km§ ¯ :CA�µ� CwO�

.¨�Att�A� Am��¤ ,�w�� ��@� @fn� ��d�±�  � ¤� Ayn�E �VAqt§ �kK�

¤� TybbF T�®`� ��As�� �A�m�� ¨� a, b  A�d��� Xb�r§ ¯ ®�m�

.Tq�As�� Tl��±� ¨� r�µ� Am¡d�� �bs§ �k�¤ ,T§r�An�

.CA�µ� ¨�  A� 	y�r� ©�� A¡@yfn� �km§ Tlqtsm�� ��d�±A�

¨� ��n� �ykKt�� Hfn� ¨mtn� ¨t�� CA�µ� �y� �¤rf�A� ¢yl�¤

a, b, d �§r�±A� ,Ahy� Tlqtsm�� ��d�±� 	y�r� �®t�� �� ���w��

.b, a, d ¤

Tynb�� ¨�A� �whf� 2.5

Remainder of an Event Structure

,Ahn� {e1, e2} �ykKt�� �¤d� �y�tn�¤ ,Ty�At�� Tynb�� |rtfn�

?��Ð d`� £@yfn� �km§ ©@�� Am�

e1

e2

e3

e4

e5
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�y� ,(Remainder) Tynb�� ¨�Ab� �whfm�� �@¡ Yms§ ���w�� ¨�

:w¡ {e1, e2} �ykKt�� d`� Tq�As�� Tynb�� ¨�A�  �

e3 e5

��d�±� �� Yqb� A� Xq� �mK� Tq�As�� Tynb��  � «r� �y�

,¢sf� {e1, e2} �ykKt�� ��d�� ©w�� ¯ ¨h� ,@yfntl� Tl�Aq��

.£ A`btF� �� ©@�� e4 �d��A� Ah`� r�Antm�� ��d�±� ©w�� ¯¤

(Initially Enabled) T§�d� �`f� �d� w¡ e3 �d��A� ,��@� T�AR�

.Aqbs� `�¤ d� ¢�®`f�  ±

�ykKt�� d`� Ahsf� Tyl}±� Tynb�� �� ¨�Abl� Tbsn�A� A��

.Ty�A��� Tynb�� wh� {e1, e4}
�Amt�� Á@i�Â� w� Tyn� w¡ C �ykK� d`� Tynb�� ¨�A�  � ,�A� �kK�

®ykK� �Amt�¯� �@¡  Ak� C ∪ C ′ ©� C �� C ′ Ahy� �ykK� ��

¨�Ab�� ¨� {e3} �ykKt�� �Amt�� A�@�� w� ®�m� .Tyl}±� Tynb�� ��

T�wm�m�� Yl� AnlO�� ¢sf� {e1, e2} �ykKt�� �� {e1, e2} d`�

.Tyl}±� Tynb�� ¨� �ykK� ¨¡ ¨t�� {e1, e2, e3}
Ty�Ab�� Tynb�� ¨� ��d�±� @yfnt� º�dt�¯� �km§ ¢��� CAOt�A�

Tyl}±� Tynb�� ¨� ��d�±� @yfn� ��At� An�� w� Am� C �ykK� d`�

Ay�A� Ty�At�� Tynb�� �kK� ¯  � ¨h§db�� �m� ¢yl�¤ .C d`�

Yl� �wO��� Ahy� �km§ ¢�± {e1, e2} �ykKt�� d`� Tly}±� Tynbl�

.Tyl}±� Tynb�� ¨� ®ykK� sy� {e1, e2, e5} Amny� {e5} �ykKt��

e3 e5

�Ab� sy� e3 dy�w�� �d��� Yl� T§¤A��� Tynb�A� ��Aqm�A�

T�wm�m�� Amny� {e3, e5} �ykKt�� ¨W`� ¯ Ah�± {e1, e2} d`�
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�km§ ¯ CAOt�Ab� .Tyl}±� Tynb�� ¨� ®ykK� rbt`� {e1, e2, e3, e5}
Tynb�� ¨�  w�w� ��r�An� T��E� �km§ ¯¤ d§d� ��r�An� T�AR�

Yl� AS§� �@¡ �bWn§¤ .C A� �ykK� d`� ¨�Ab�� @�� dn� Tyl}±�

Tyl}±� Tynbl� d§d� ��d�� T�AR� �km§ ¯ ��@�¤ .Tybbs��

¤� ¢sf� C �ykKt�� ��d�� ry� ��d�� ªAqF� ¯¤ ,¨�Ab�� ¨�

.¢`� r�Antm��

�§r`t�� Yl� �r`t�� �¤rK��¤ Tl��±� £@¡ d`� Annkm§

:[1] ¨�  C¤ Am� ,A� �ykK� d`� Ty�¤� Tyn� ¨�Ab� ¨RA§r��

Definition 5.2.1. Let π = (E,#,≤) be a PES, and let H ∈
C(π) be a configuration of π. The remainder of π after H is
π[H] = (E′,#′,≤′), where:

� E′ = E \
(
H ∪ {e | ∃e′ ∈ H . e#e′}

)
� #′ = # ∩ E′2
� ≤′=≤ ∩E′2

�d� ��¤H �ykKt�� ��d�� ¨n�ts� ¨�Ab�� ��d�� T�wm�m�

¨h� Tybbs��¤ r�Ant�� T�®� A�� .Xq� H ��d�� d�� �� |CA`t§

��d�±� T�wm�� Yl�  Atyl}±� Tybbs��¤ r�Ant�� ¨t�®`� ªAqF�

��  Atyl}±�  At�®`�� Am¡ ©� ,Tyl}±� �� Ty¶z��� d§d���

��d�±� T�wm�m� Ahy�rV d�� ¨mtn§ ¯ ¨t�� �Ay¶An��� ªAqF�

�t§ Yt� ,Aq�AF A�r�Ð Am�  AOq� ¤�  A§E  ¤ ,d§d���

.¨�Ab��¤ Tyl}±� Tynb�� �y� @yfnt�� ¨� ��AWt��

£An§�C Am� Ty�¤� Tyn� ¨�A�  � [1] ¨�  C¤ Am�  A¡rb�� �km§

�§r`t�� ¨� An§�C Amk� .AS§� Ty�¤� Tyn� w¡ ��As�� �§r`t�� ¨�

�wq� Yt� A¡r��w� 	�§ AV¤rJ �An¡  � Ty�¤±� Tynbl� ¨RA§r��

T§rZAn� ¨¡ Tyl}±� r�Ant�� T�®�  � Amb� .Ty�¤� Ah�� Tyn� ��

T�wm�� �� E′ Ty¶z� T�wm�� Yl� AhVAqF�� TyFAk`�� ry�¤

��m�A�¤ .Amt� TyFAk`�� ry�¤ T§rZAn� T�®� ¨W`yF E ��d�±�
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 �¤ ,¨¶z� 	y�r� ¨¡ ¨�Ab�� ¨� Tybbs�� T�®�  � �AtntF¯� �km§

��d�±� �Abbs�  �¤ ,r�Ant�� T��C¤ Ty}A� Yl� ^�A�§ ¨�Ab��

.Tyhtn� �A�wm�� �kK� ¢y�

��AW� b�� [1] ¨� Ah�A¡r�  C¤ Am� Ty�At�� Tn¡rbm��  � Am�

¨� @yfnt�� º�dt�� �� Th� �� Tyl}±� Tynb�� ¨� @yfnt�� T`�At�

:«r�� Th� �� Tynb�� ¨�A�

Lemma 5.2.2. Let π be a PES, let H ∈ C(π). Then:

∀C ⊆ E \H .
(
C ∈ C(π[H]) ⇐⇒ H ∪ C ∈ C(π)

)
.
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3 
Ab��

Tybbs�� �¶�db��

Alternative Enablers

rqtsm�� ��d�±� Yn� 3.1

Stable Event Structures

�km§ ®� ��d�±� �y`f� ¨� ��CAy� Ty�¤±� ��d�±� Yn� ¨W`� ¯

¤� a �d� �®� �� ¢ly`f� �km§ �y`� �d� T�@m� Ah�®� ��

¨� Glynn Winskel �A� ,T§ ¤d�m�� £@¡ Yl� 	l�tl�¤ .b �d�

��d�±� Yn� Y�d§ ,��d�±� Yn� �� r�� �Ðwm� �§r`t� [34, 35]
�d�� �km§ Tynb�� £@¡ ¨� .(Stable Event Structures) rqtsm��
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�w�¤ ¨fk§ �y� ��d�±� �� �A�wm�� d� �®� �� �`ft§  �

.¨l}±� �d��� �y`ft� Xq� �A�wm�m�� £@¡ �� d��¤ ��d��

�A�wm�� �� CAb� AS§� �A�wm�m�� �l�  wk�  � �km§¤

.rOn`�� dy�¤

�� ¤� b �d��� �w�¤ �®� �� �`ft§  � e �d�� �km§ ®�m�

�kK�A� Ay�wFC �A�m�� �@¡ �y�m� �km§ .a, c �y�d��� �w�¤ �®�

:¨�At��

a
c

b

e

�kJ 3.1: rqts� ��d�� Tyn� �� �A��

,{a, b} ,{a, c} ,{b} ,{c} ,{a} :�®ykKt�� �AqtJ� �km§ ¢n�¤

.{a, b, e} ,{b, e} ,{a, c, e}

¨bbs�� �wRw��¤ C�rqtF¯� �whf� 3.1.1

Stability and Causal Unambiguity

¨RA§r�� �§r`t�� ¨� £�rnF AVrJ rqtsm�� ��d�±� Yn� |rf�

�wRw�A� �r`� T�A� Y�� © ¥§ (Stability) C�rqtF¯A� Y�d§

«r�±� C AOm�� {`� ¢yms� Am� (Causal Unambiguity) ¨bbs��

 �wl�� ¯� A� �d�� �ytbbs� �yt�wm�� �� Yl� ¢y� 	�§ ,[23]
.r�Ant�� ��
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T�wm�m�� �� �d� ��±� Yl� d��wt§  � 	�§ ,� � ryb`t�

�@¡ .Ty�A��� T�wm�m�� �� �d� �� r�An� Yl�  wk§ �y�� Y�¤±�

.c, b �y�d��� �y� r�Ant�� �®� �� ��As�� �A�m�� ¨� £�r� A�

�d��� �� r�An� Yl� b�d���  wk§  � Tq�As�� Tynb�� ¨� �km§

ªrJ �� AS§� ���wt§ A� �@¡¤ Amhyl� �� ¤� c �d��� �� ¯d� a

T�®��� ��d�±� �l�  wk�  � w¡ ¯wbq� Hy� A� A�� .C�rqtF¯�

.rqts� Tyn�  wk� �� Tynb�� �lt� ,r�An� ©� �� Ty�A�

¨t�� ��d�±�  wk� Yt� r�Ant�� �� �wn�� �@¡ |r� �� dq�

��Ð ���  w�¤ �d� dn� A�� .A¡dn� T�R�¤ e �d��� lÌ`�

A¡dn�¤ {a, b, c, e} �ykKt�� �AqtJ� �kmm�� ��  wkys� ªrK��

�d��� l`� d� ��d�±� �� ©� d§d�� �R�w�� ��  wk§ ��

�q�  � �km§¤ Tlqts� ��d�� ¨¡ a, b, c ��d�±�  � A}wO� ,e

!T\�l�� Hfn�

�A�®`�� �Rw§ �Ðwm� �§dqt� �dh� ��d�±� Yn�  � Am�

Ynb�A� ��d�±� Yn� �� ry�� �A� ,��d�±� �y� Tybbs��

�y� ªrK�� ��Ð ��� T�AR�� rqtsm�� Ynb��¤ 3.2 ¨� Ty�Er��

Y`s� Ynb�� �l� ��m� .¢� AnÌmy� rqtsm�� Ynb�� Tyms� ��

¨� Y�d§ ©@��¤ Ahy� |wm��� �� d���¤ Tybbs�� T�®`�� Xysbt�

.(Causal Ambiguity) ¨bbs�� |wm��A� T�A��� £@¡

,OR T�®� Hy�¤ �yl`fm�� �y� XOR T�®� �y`ft�� �@¡ ��m§

T�®� �k�¤ b �d��� �q§  � ¤� e �y`ft� a, c  A�d��� �q§  � A���

.a, b, c ��d�±� �w�¤ �y�tsm�� �� �`�� r�Ant��

�d���  � �wq�� {a, c, e} �ykKtl� r\n�� dn� �km§ ¢yl� ºAn�¤

�kmy� {a, b, e} �ykKt�� ¨� Yt�¤ .a, c �y�d��� �w�w� �`f� d� e
�w�¤ �d`� a Hy�¤ b �d��� �w�w� �`f� d� e �d���  � �wq��

.c �d��� ©� ,a �d��� T�wm�� ¨� ¨�A��� �d���

rqtsm�� ��d�±� Yn� �bt� ,�Wnm�� Ty�A� ��¤ �A� �kK�

�y`f� ¨� (Disjunctive Normal Form) ¨lOf�� ©CAy`m�� �kK��
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�m� ∨ T�®`�� A��¤ ,���d�� �� ∧ T�®`��  wk� �y� ,��d�±�

�y`� r�Ant�� @��  ¤ ) �y`ft�� T�®� T�At� �km§ ®�m� .�CA���

e =⇒ (a∧c)∨(b) �kK�� Yl� e�d�l� ��As�� �A�m�� ¨� (CAbt�¯�

�kK�� Yl� �y`ft�� �@¡ 	tky� CAbt�¯� �y`� r�Ant�� @�� �� A��¤

.e =⇒ (a ∧ c ∧ ¬b) ∨ (b ∧ ¬c)

¨RA§r�� �§r`t�� 3.1.2

�@¡ rbt`§¤ .¨�At�� �kK�� Yl� rqtsm�� Tynb�� �§r`� �km§

.[19] ¨�  C¤ d�¤ ¨l}±� �§r`tl� AWsb� ®kJ �§r`t��

Definition 1.3.1. A Stable Event Structure (Stable ES) is a
triple κ = (E,#,`) where:

� E, a set of events
� # ⊆ E2, an irreflexive symmetric relation (the conflict

relation)
� `⊆ Pfin(E)× E, the enabling relation

that additionally satisfies for all F,G ⊆ E and e ∈ E:

� Consistency:

F ` e⇒ F is conflict free, i.e. ∀e′, e′′ ∈ F . ¬(e′#e′′)

� Stability:

(F ` e ∧G ` e ∧ F ∪G ∪ {e} is conflict free) =⇒
F ∩G ` e

ªrJ Yl� C�rqtF¯� ªrJ Y�� T�AR� �§r`t�� ©wt�§ �y�

�y� r�An�  w�¤ �d� Yl� Pn§ ©@��¤ (Consistency) �FAnt��
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,��As�� An�A�� ¨� c¤ a ��� A� �d�� Tl`fm�� T�wm�m�� ��d��

¢�� Yl� ªrtK§ rqtsm�� Ynb�� ¨� �ykKt�� �whf�  ± ��Ð¤

�A�wm�m�� «d�� ��d�� �ym�  �� e A� �d� @yfn� ��� ��

�¤d� �A� ¨� �y�ts� �@¡¤ .Ah�w�¤ 	�§ e �d�l� Tl`fm��

A�d� e �d��� �`�yF Am� ,d��w�� T�wm�m�� ��d�� �y� r�An�

.®y�ts�

κ = (E,#,`) rqts� ��d�� Tyn� ¨� C �ykKt�� �r`§

r�Ant�� �� Ty�A� C ⊆ E ��d�±� �� T�wm�� ¢�� Yl�

:©� (Secured) Tn�Á¥�¤ ∀e′, e′′ ∈ C . ¬(e′#e′′)
∀e ∈ C . ∃e1, . . . , en ∈ C .

(en = e ∧ ∀i . ∃X ⊆ {e1, . . . , ei−1} . X ` ei)
.TybbF Tql�� ¨mtn� ¨t�� ��d�±� �w�¤ �y��t�� �whf� �nm§

a
c

b

e

ry� Ah�± Tynb�� £@¡ ¨� ®ykK� rbt`� ¯ {a, c, e} T�wm�m�A�

 wk§ T�wm�m�� £@¡ �� ��d�� �sls�  A�§� Annkm§ ¯ ©� ,Tn�Á¥�

d�ns� a, c, e �slst�� AnRr� �Ð�� .¢qbs§ Am� �`f� �d� �� ¢y�

Ahy� rOn`�� dy�¤ T�wm�� Yl� dmt`§ ¢�± �`f� ry� a �d���

�slst�� A�dmt�� �Ð�¤ .�slst�� �@¡ ¨� a �d��� �bs§ ¯ e �d���

a Yl� dmt`m�� e �d�l� Tbsn�A� TlkKm�� Hf� ¨� �qns� e, c, a
.�slst�� ¨� ¢yl§ ©@��¤

Tybbs�� Ahy�  wk� ¯ ¨t�� Ynb�� ¨� ©C¤rR�slst�� �whf�  �

�y� ,�Aql���  w�¤ ¨�l� 	y�rt�� T�®`� ,	y�r� T�®� �� CAb�

.Ty�Er�� ��d�±� Yn� ¨� AS§� �whfm�� £@¡ «rnF

27



Rooting C@�t�� �whf� 3.1.3

�d� ©� ��� �� ¢�� d�� rqtsm�� Tynb�� ¨� �ykKt�� �§r`� ��

X ��d�±� �� Ty¶z� T�wm�� r��w� 	�§ �ykKt�� ��Ð ¨� e
��d�� �ym� Yl� �bWn§ �@¡¤ .X ` e �y�� �ykKt�� ��Ð ¨�

.Ty�At�� Tynb�� ��� ,Tynb��

a
b

c

T�wm�� ��An¡ c �d�l� Tbsn�A� {a, b, c} �ykKt�� ¨f�

.c �d��� �`f� {a, b} ¨¡ Ty¶z�

Tl`fm�� �A�wm�m�� ¨¡ A� ,a, b �y�§d��� ��� �� �ÐA� �k�¤

` T�®`�� Yl� �@¡ dmt`§ ,���w�� ¨� ?�ykKt�� ��Ð ¨� Ah�

�kK�� Yl� T�r`� �y`ft�� T�®� �A� �Ð�� .Tynb�� �l� ¨�

�� �ykK� ©� �� Ty¶z� T�wm�� ©� d�w§ �l� `= {({a, b} , c)}
.b ¤� a �`f�  � Ah��J

A¡dn� d�n� `= {({a, b} , c), (∅, a), (∅, b)} �A� �Ð� Amny�

�y�d��� �§@¡ �� �Aq§¤ b ¤ a �� �k� Tli`f� Ty�A��� T�wm�m��

.(Rooted)  �C@�t� Amh��

�@¡  ¤ �yly�ts� b ¤ a  A�d��� �bOyF ,r�±� ���¤ ¨�¤

 � Ahyl� Tl`f� T�wm�� Ah� �Fru§ ¯ ¨t�� ��d�±A� .C@�t��

�@¡ ªAqF� �t§ �k�¤ ,Ty�A��A� Tl`f� Ah�� Yl� AyRA§C �r`�

.TynmR �®y`f� Ah�� Ahn� �wq�� �kmy� ,T�whsl� Ay�wFC C@�t��
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Expressive Power T§ryb`t�� wq�� 3.1.4

rqtsm�� ��d�±� Ynb� Aht�At��km§ Tl�����An¡  � �R�w�� ��

Amhn� �� ¨W`� �y�� Ty�¤±� ��d�±� Ynb� Aht�At� �km§ ¯¤

Yn�  � Yl� [8] ¨�  A¡rb�� �� dq� ��@� .�®ykKt�� Tl¶A� Hf�

��Ð¤ Ty�¤±� ��d�±� Yn� �� �ryb`� r��� rqtsm�� ��d�±�

.�®ykKt�� �¶�w� Cw\n� ��

Ty�Er�� ��d�±� Yn� 3.2

Bundle Event Structures

,[22] ¨� Langerak �b� �� Ty�Er�� ��d�±� Yn� r§wW� ��

Yn� ¨� Am� TyFAk`�� ry�¤ T§rZAn� r�An� T�®� Yl� ©wt��¤

 � �km§ �d� �k� Tybbs�� T�®`� Tbsn�A� A�� .Ty�¤±� ��d�±�

�d��� �@¡ �w�¤  � �y�� ,��d�� T�wm�� �� r���� Xb�r§

��Ð Ah� Xb�r§ T�wm�� �� �� d��¤ �d� �w�¤ ªrtK§

:�A�� .�d���

e1 e2

e
e3

e4

Yms§ �y� {e3, e4} ¤ {e1, e2} �yt�wm�m� Xb�r§ e �d��A�

��@�¤ ,(Bundle) T�Er�A� {e1, e2} T�wm�m�� �� e �d���
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.{e3, e4} �� e �d���

�� ®�m� ,��d�±� �y`f� ¨� T�¤r� ¨W`� Ty�Er�� Ynb�A�

:Ty�At�� �A�wm�m�� �� ©� �w�¤ 	�§ e �d��� �y`f� ���

.{e1, e3} , {e1, e4} , {e2, e3} , {e2, e4}
¨bbs�� �wRwl� C�rqtF¯�ªrJ Ty�Er�� ��d�±� Yn�ªrtK�

T�wm�m�� ��d�� �y� r�An� �kJ Yl� rqtsm�� Ynb�� ¨� Am�

.e3, e4 ��@�¤ e1, e2 �y� r�Ant�� ��� ,T�Er�� ¨� d��w��

©CAy`m�� �kK�� Ty�Er�� ��d�±� Yn� �bt� ¨qWn� Cw\n���¤

�� ∨ T�®�  wk� �y� (Conjunctive Normal Form) ¨l}w��

�y`f� T�At� �km§ ®�m� .�CA��� �� ∧ T�®�  wk� Amny� ���d��

(CAbt�¯� �y`� ��r�Ant�� @��  ¤ ) ��As�� �A�m�� ¨� e �d���

CAbt�¯� �y`� r�Ant�� @���¤ e =⇒ (e1 ∨ e2)∧ (e3 ∨ e4) :¨l§Am�

:©� e =⇒ (e1 ⊕ e2) ∧ (e3 ⊕ e4) :¨�At�� �kK�� Yl� �bO�

¨RA§r�� �§r`t�� 3.2.1

:¨�At�� �kK�� Yl� [22] ¨�  C¤ Am� Ty�Er�� ��d�±� Yn� �r`�

Definition 2.3.1. A Bundle Event Structure (BES) is a triple
β = (E,#, 7→) where:

� E, a set of events
� # ⊆ E2, an irreflexive symmetric relation (the conflict

relation)
� 7→⊆ P(E)× E, the enabling relation

that additionally satisfies the stability constraint:

∀X ⊆ E . ∀e ∈ E . X 7→ e =⇒
(∀e1, e2 ∈ X . e1 6= e2 =⇒ e1#e2)
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�� �sls� ¢�� Yl� �r`y� Ty�Er�� ��d�±� Yn� ¨� r�±� A��

�� ¢qbs§ Am� �a`f� �d� �� ¢y�  wk§ r�Ant�� �� �A� ��d�±�

��d�±� T�wm�� �§r`t� �y`ts� ,AyRA§C ��Ð �§r`t� .��d��

:¨l§ Am� ,A� �slst� Tl`fm��

Definition 2.3.2. Let β = (E,#, 7→) be a BES, and let σ =
e1, . . . , en be a sequence of events and σ̄ = {e1, . . . , en} such that
σ̄ ⊆ E. We use enβ(σ) to refer to the set of events enabled by
σ:

enβ(σ) :=
{
e ∈ (E \ σ̄) | (@e′ ∈ σ̄ . e#e′) ∧

(∀X ⊆ E . X 7→ e =⇒ X ∩ σ̄ 6= ∅)
}

Then the sequence σ = e1, . . . , en is called a trace of β iff:

∀i ≤ n . ei ∈ enβ(σi−1) where σi−1 = e1, . . . , ei−1

Ty�A��� T�wm�m�� �A� �Ð� ¢�� d�� �§r`t�� �@¡ Yl� ºAn�

.®y�ts��d�����Ð �bOys� (¢`� T�EC �kK�) A� �d�� Tl`f�

�q§  � 	�§ e A� �d� �y`f� ��� �� ¢�� Yl� Pn§ �§r`t�A�

Tl`f� �EC A� �d�� �k§ �� �Ð�� .e �d�l� T�EC �� �� �d�

��@� T�EC  A�§� �km§ ¯ ¢�± ,ªrK�� ºAfytF� �� d�  wk§

T�wm�� ��Ð T�EC 	�A} �d��� A�� .A� �d� Ahn� �q§ �� �d���

¨� e1 �d��A� ��m§¤ A�r�Ð Am� ®y�ts�  wkys� Ty�A�

:¨�At�� �A�m��

e1 e2

e
e3

e4
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Ah�� ��d�±� �� T�wm�� �� �Aqy� ,�®ykKtl� Tbsn�A� A��

��¥� Tynb�� Hf� ¨� r��  A�§� �k�� �Ð� Ty�EC Tyn� ¨� �ykK�

T�wm�� �� �wq�� �km§ r�� ryb`t� .T�wm�m�� �l� ��d�� ��

Yl� Aht�At� �k�� �Ð� Ty�EC Tyn� ¨� �ykK� Ah�� Yl� ��d�±� ��

.Tynb�� �l� ¨� �r��  wk§ ��d�±� �� �sls� �kJ

 Amt�¯A� �ykKt�� �§r`�  �� Tlqtsm�� ��d�±� Yn� ¨� Am�

�Aql� Yl� T§¤A��� �A�wm�m�� 	n�� �� �Ìkm§ r�±� �whf� Yl�

.(Causality Cycles) TybbF

T(β) z�r�A� β Ty�EC Tyn� CA�� T�wm�� Y�� ryK� �ry��

 A¡rb�� �� dq� .C(β) z�r�A� Tynb�� �l� �®ykK� T�wm�� Y��¤

«¤Ast� �ws� β1, β2 �ytyn� ©� �®ykK� �¤As� �Ð� ¢�� [22] ¨�

:©� .�y�} Hk`��¤ ,Am¡CA��

(3.1) T(β) = T(β′) ⇐⇒ C(β) = C(β′)

T§ryb`t�� wq�� 3.2.2

Ty�¤±� ��d�±� Yn� �� �ryb`� r��� Ty�Er�� ��d�±� Yn�  �

Yn� Cd� �d`� ��Ð¤ (Ahl¶�w�¤ Tm�An�� �®ykKt�� Ty�A� ��)

.��d�±� �y`f� ¨� ��CAy��� ºAW�� Yl� Ty�¤±� ��d�±�

rqtsm� Ty�Er�� Ynb�� �§w��

Ty�EC Tyn� ©� ��� �� �kmy� rqtsm�� ��d�±� Ynb� Tbsn�A� A��

�¶�w� Hf� ºAW�� Yl� C A� ��d�±� Hfn� rqts� Tyn�  A�§�

�km§ .[8] ¨� ¢�A¡r� �� A� �@¡¤ .�l� Ty�Er�� Tynbl� �®ykKt��

Y�� ¨l}w�� ©CAy`m�� �kK�� �� �§w�t�� �®� �� ��@� �Ayq��
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Am� r�Ant�� T�®� Yl� T\�A�m�� �� ,¨lOf�� ©CAy`m�� �kK��

.¨¡

rqts� Tyn� �k� Ty�EC Tyn�  A�§� �km§ ®� ��Aqm�A�¤

�A�m�� �ybF Yl� A�@�� �Ð�� ,�®ykKt�� �¶�w`� Ah·�Ak� �y��

Ah� ThybJ Tyn�  A�§� An�¤A�¤ £A� � �kK�� ¨� rqtsm�� Tynb��

Ty�Er�� Tynb�� Yl� �O�nF ,�y`ft�� �A�®�¤ ��d�±� Hfn�

ªrtK§ Am� a#c ¨�AR� r�An� T�AR³ rWSnF Annk�¤ ,Ty�At��

Tynb�� �®ykK� Hf� ¨�At�A� �tn§ �� �@¡¤ .Ty�Er�� Ynb�� �§r`�

.rqtsm��

a
b

c

e

��d�±� Yn� �� T§ryb`� Cd� r��� rqtsm�� Ynb�A� ¢yl�¤

�r�An� |rtf� Ty�Er�� Ynb��  � w¡ CAOt�A� 	bs��¤ .Ty�Er��

Ynb�� ¨� ¨fk§ Amny� ,T�EC �� ¨� ��d�±� �� �¤E �� �y�

�yt�wm�� �� �y� ��¯� Yl� d��¤ r�An�  w�¤ rqtsm��

.A� �d�� �ytl`f�

Ay¶z� Tb�rm�� T�wm�m�� 3.3

Partially Ordered Set (Poset)

¨� Tybbs�� T�®� �� ¨¶z��� 	y�rt�� �whf� ªAqF� �� ¢�� Am�

C A� 	y�r� ¤� �whf�  A�§� �� d� ®� ,Ty�Er��¤ Tlqtsm�� Ynb��
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��Ð¤ ,�w�� Hfn� (Tlqtsm��) ��d�±� @yfn� �� ryb`t�� Yl�

Am� ���ztl� Ayqyq� A�Ðwm� rbt`� �A� �kK� ��d�±� Yn�  ±

�®� �� ¯� ��d�±� ���z� �� ryb`t�� CA�´� �km§ ®� .A�r�Ð

.An§�C Am� Ahby�r� �®t��

T�®`�� «wts� Yl� ¨¶z� 	y�r� T�®�  w�¤ �d`� Ä¿���

.�®ykKt�� ¤� @yfnt�� «wts� Yl� Ty¶z� 	y��r� �AqtJ� �km§

(Partially Ay¶z� Tb�r� (�®ykK�) �A�wm�� Yl� �O�nF A¡dn�

.�@mnm�� �A\nl� �@yfn� ��m� ,(Posets) �CAOt�� ¤� Ordered Sets)

T�wm�m�� ¨� ��d�±� �l� @yfn� 	y�r� An¡ 	y�rt�� ��m§ �y�

��d�� Yl� �aÄr`u� Tb�rm�� �A�wm�m��  � Am�¤ .(�ykKt��)

r�Ant�� T�®� Tb�rm�� �A�wm�m�� £@¡ �rt�� �ws� ,�®ykKt��

.r�Ant� ��d�� ©� �� ¨�At�A� wl��¤

Ah�� Yl� Tb�rm�� T�wm�m�� �§r`� Ty�Er�� Ynb�� ¨� �km§

:¨l§ Am� ,	y�r� T�®� ¤ �ykK� �� Ty¶An�

Definition 3.3.1. Let β = (E,#, 7→) be a BES and C ∈ C(β),
and e, e′ ∈ C. Then e ≺C e′ if ∃X ⊆ E . e ∈ X ∧X 7→ e′. Let
≤C be the reflexive and transitive closure of ≺C .

T�EC ��An¡  A� �Ð� e′ �d�� ��AF e A� �d�  wk§ �y�

 wk�  � T�r`m�� T�®`�� Yl� 	�§ An¡¤ .e ∈ X �y�� X ` e′
TqtKm�� ≺C T�®`�A� ,Ay¶z� Aby�r�  wk� Yt� T§d`t�¤ TyFAk`��

.C¤rS�A� T§d`t� ¤� TyFAk`�� sy� �y`ft�� T�®� ��

T�®� �§r`� �®� �� �km� �yty}A��� �y�A¡ �yq��  �

�� ��¤ ≺C T�®`�� (��¤E�) �AVAb�C� �� ©w�� ≤C d§d�

.T�®`�� £@h� TyFAk`�¯�¤ T§d`tm�� �AVAb�C¯� T�AR�

T�AR�� �wq� C �ykKt�� ¨� e rOn� �� ��� �� ®�m�

ªAb�C� �� ��� ��¤ e ≤C e �`�� ©� ≤C T�®`l� (e, e) �¤z��

.(e, e′′) �¤z�� �yS� e ≤C e′ ≤C e′′
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©� .T§rZAn� dR ≤C T�®`��  � �Ab�� w¡ Yqb§ A� �k�¤

 �� e ≤C e′  A� �Ð�� C T�wm�m�� ¨� e 6= e′ �y�d� ©± Tbsn�A�

.T�y�} ry� e′ ≤C e
T�®� ¨¡ ≤C  � ¨�At�A�¤ Ty}A��� �l� �Ab�� [22] ¨� �� dq�

≤C T�®`��  w� �� A`bV ¢VAbntF� �km§ A� �@¡¤ .¨¶z� 	y�r�

�r`� £C¤d� ©@��¤ T�wm�m�� �®ykK� �� �ykK� Yl� T�r`�

¨�l§ A� .A�r�Ð Am� �Aql�  w�¤ �y�tsm�� �� �`�§ r�� Yl�

.Ty¶An� Tql� ¯� sy� ¨t�� T§rZAnt�� T�A�

Tynb�� �� Ty�At�� Tb�rm�� �A�wm�m�� �AqtJ� �km§ ,�A�m�

:£A� � T�Rwm�� Ty�Er��

(∅, ∅)
, a , c , a b ,

a
c , a b d , c d ,

a
c d

a b

c

d

�km§ �y� ,CA�´� Amym`� Ay¶z� Tb�rm�� �A�wm�m�� rbt`�

T�wm�m�A� Tq�As�� Tynb�� �� a, c, d ¤ c, a, d �§r�±� ��zt��

£@¡ ��d�� T�At� dn`� .�ymy�� YO��� Cw�@m�� Tb�rm��

,¨l}±� Ahby�r� Yl� ^�A�§ Am� (Linear) ¨W� �kK� T�wm�m��

.Cw�@m�� CA�µ� Yl� �O�nF

Tyn� ¨� Ay¶z� Tb�rm�� �A�wm�m�� T�wm�� Y�� CAK§ �ry��

��� �� ¢�� [22] ¨�  A¡rb�� �� dq� .P(β) z�r�A� β Ty�EC

Amh�A�wm�� «¤Ast� �ws� Amh�®ykK� �¤As� �Ð� β1, β2 �ytyn�

:©� .�y�} Hk`��¤ ,Tb�rm��
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(3.2) P(β) = P(β′) ⇐⇒ C(β) = C(β′)

Ay¶z� Tb�rm�� �A�wm�m�� Tl¶A� 3.4

Family of Posets

�y�� T�®`� A� Tyn� �� Tm�An�� Tb�rm�� �A�wm�m�� X�C �km§

�®ykKtl� ��Am� �kK� ,Tb�rm�� �A�wm�m�� �� �¶�w� �kK�

�y� T�®`�A� �®ykKt�� �¶�w� �®� Yl� �k�¤ .Ahl¶�w�¤

Am��¤ ⊆ º�wt�¯� T�®� TVAsb�  wk� �� Tb�rm�� �A�wm�m��

Tb�r� T�wm�� �� �Aqt�¯� Ty�� �� rb`� �dyq`� r��� T�®�

.«r�± (@yfn�)

T�®`� Tb�rm�� �A�wm�m�� �¶�w� ¨� X�r�� T�®� Y�d�

T¶ A� (C1,≤C1
) Tb�r� T�wm�� rbt`� �y� .(Prefix) T¶ Ab��

: A� �Ð� (C2,≤C2) «r�� Tb�r� T�wm�m�

(3.3) C1 ⊆ C2 ∧ ≤C1
=
(
≤C2

∩ (C2 × C1)
)

T�wm�m�� �� @yfnt�� T`�At� Ty�Ak�� Y�� T¶ Ab�� T�®� ryK�

P1 Tb�r� T�wm�� �� @yfnt�� �yFw� Ty�Ak�³ ©� ,Ty�A�l� Y�¤±�

.P2 þ� T¶ A� P1 �A� �Ð� P2 Ty�A� Tb�r� T�wm�� Yl� �O�n�

Tb�rm�� �A�wm�m�� �y� T¶ Ab�� T�®� ¨�At�� �kK�� �Rw§

�¡A�� ��) �hF� �kJ Yl� Tl�m� ,Tq�As�� rqf�� ¨� Cw�@m��

:(TyFAk`�¯�¤ T§d`tm�� �hF±�
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(∅, ∅)

a

c

a b

a
c

c d

a b d

a
c d

��d�± �km§ ¯ ¢�� Y�� T¶ Ab�� T�®� �§r`� ryK§ �y�

Tq�AF  wk�  � (Xq� Ty�A��� Tb�rm�� T�wm�ml� ¨mtn�) d§d�

 � �y� ,¨h§d� �@¡¤ .(T¶ Ab�� T�wm�ml� ¨mtn�) Tm§d� ��d�±

¨t�� ��d�±� Yl� dmt`� d� A��d�� �yS�  A� @yfnt�� T`�At�

��m§  � ¨�At�� �A�ml� �km§ ¯ ®�m� .Hk`�� Hy�¤ ,A¡@yfn� ��

(1)
.T¶ A� T�®�

a ab

Ah�� Yl� AyRA§C �r`t� Tb�rm�� �A�wm�m�� Tl¶A� A��

(Downwards) �fF±� Y�� Tql�� Tb�rm�� �A�wm�m�� �� T�wm��

 �� Tl¶A`�� �� Tb�r� T�wm�� �� ��� �� ©� .T¶ Ab�� Tylm� Yl�

¨htn§ A� �@¡¤ .AS§� Tl¶A`�� ¨�  w�w� T�wm�m�� �l� �A¶ A�

¨t��¤ (∅, ∅) ¨�A��� 	y�rt�� Tb�A} Ty�A��� Tb�rm�� T�wm�m�A�

�kK�A� T�Rwm�� T�wm�m�A� .Tb�r� T�wm�� ©± T¶ A� rbt`�

.Tb�r� �A�wm�� Tl¶A� �kK� ��As��

Cd� r��� Ayn��z� A�Ðwm� Tb�rm�� �A�wm�m�� �¶�w� rbt`�

�� ryb`t�� ®�� �km§ ®� .[25] �®ykKt�� �¶�w� �� T§ryb`�

©wt�� ¯ Ah�± Ty�Er�� ��d�±� Yn� �� T�A��� £@¡ �� �A��  A�§� �km§ ¯
(1)

Yn� ¨� T�A��� £@¡ «rnF Am��¤ ,AybbF TWb�rm�� ��d�±� «wF Tb�r� ��d�� Yl�

.4.1 ¨� T`Fwm�� Ty�Er�� ��d�±�
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¨� «rnF Am� �®ykKt�� �¶�w� �®� �� ��l� ��Aq�� r�Ant��

�A�wm�m�� �¶�w� �®� �� ¢n� ryb`t�� �km§ Amny� ,��¯ �O�

.[25] Tb�rm��
ºAW�³ Tb�rm�� �A�wm�m�� �¶�w� ��d�tF� �km§ ¢yl�¤

�km§ ¨t�� ��d�±� Yn� �ym��¤ Ty�Er�� ��d�±� Ynb� T�¯d��

rqtsm�� Ynb�A� �®ykKt�� Yn� �®� �� Ah� T�¯ ºAW��

.Ty�¤±�¤
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4 
Ab��

��Aq�� r�Ant��¤ ©rZAn�®�� r�Ant��

��l�

Asymmetric and Resolvable

Conflict

T`Fwm�� Ty�Er�� ��d�±� Yn� 4.1

Extended Bundle Event Structures

¨� Am� T§rZAn� ¯ «r��� T§rZAnt�� r�Ant�� T�®� ��dbtF� �km§

[6] ¨� (Asymmetric Event Structures) T§rZAn�®�� ��d�±� Yn�
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(Extended Bundle T`Fwm�� Ty�Er�� ��d�±� Yn� ¨� ��@�¤

.[22] ¨� Event Structures)

A�d� (¨Oq§) �w�¤ ¨�l§  � e1 ��� �d� �w�w� �km§ �y�

e2 �d��� �w�w� ,C¤rS�A� A�y�} Hy� Hk`�� �k�¤ e2 r��

�y�d�l� �km§ ��Ð ��¤ .e1 �d��� �w�¤ C¤rS�A� ¨�l§ ¯

e2 �d��� Yl� 	�§ A¡dn� �k�¤ {e1, e2} d��¤ �ykK� ¨� �w�w��

�d� Yl� ¢�w�¤ dn� ry��� ¢�  wk§ �� ©@�� e1 �d��� �bs§  �

.e2 �d��A� �`f�A� ��¤ d�

Yl� �@¡ �A�m�� �� Ahny� �wO��� �kmy� CA�µ� T�l� A��¤

�wO��� �km§ ¯ �k�¤ e2, e1 ��@�¤ e2 r�±���@�¤ e1 r�±�

.e1, e2 Yl�

�� �ryb`� r��� (T§rZAn�®��) £@¡ r�Ant�� T�®� rbt`�

r�Ant�� �®� �� Aht�@m� �km§ ¨t��¤ ,T§rZAnt�� r�Ant�� T�®�

b ¨Oq§ a  � �wq�A� a#b �§r�Ant� �y�d�� Tbsn�A� ©rZAn�®��

(1)
.a ¨Oq§ b ��@�¤

T�AS� ©rZAn�®�� r�Ant�� T�®� �Of�� �@¡ ¨� xCdnF

Ty�Er�� ��d�±� Ynb� Yms§ A� �tnt� Ty�Er�� ��d�±� Yn� Yl�

.T`Fwm��

¨RA§r�� �§r`t�� 4.1.1

�� [22] ¨�  C¤ Am� T`Fwm�� Ty�Er�� ��d�±� Yn� �§r`� �km§

Ty�Er�� ��d�±� Yn� ¨� T§rZAnt�� r�Ant�� T�®� ��dbtF� �®�

.T§rZAn� ¯ «r���

Anti- T§rZAn� dR Ah�� An¡ Asymmetric T§rZAn�®�� T�®`�A� dOq� ¯
(1)

.T§rZAn� C¤rS�A� sy� Ah��  wOqm�� Am��¤ Symmetric
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Definition 1.4.1. An Extended Bundle Event Structure (EBES)
is a triple ε = (E, , 7→) where:

� E, a set of events
�  ⊆ E2, an irreflexive asymmetric relation (the disabling

relation)
� 7→⊆ P(E)× E, the enabling relation

that additionally satisfies the stability constraint:

∀X ⊆ E.∀e ∈ E.X 7→ e =⇒
∀e1, e2 ∈ X . (e1 6= e2 =⇒ e1  e2)

Am� C�rqtF¯� ªrJ T`Fwm�� Ty�Er�� Ynb�� ªrtK� �y�

� Abtm�� ºAO�³� �®� �� ��Ð¤ rqtsm��¤ Ty�Er�� Ynb�� ¨�

.d��w�� T�Er�� ��d�� �y� (r�Ant�� �� rb`§ ©@��)

e4

e2 e3

e1

,T`Fw� Ty�EC ��d�� Tyn� �� ¯A�� «r� �kK�� �@¡ ¨f�

ºAO�³� �� ryb`t�� �t§ �y� e4 �d��� e3 �d��� Ahy� ¨Oq§

.
(2) e3  e4 �kK�A� 	tky� AyRA§C A��¤ ,�Wqt� �hs� Ay�wFC

�y� e3 ¤ e2 �y� Tynb�� £@¡ ¨� C�rqtF¯� ªrJ �q�t§ ,T�AR�

 � Tl¶Aq�� TyqbF±� �� ���wt§ AyRA§C¤ Ay�wFC ºAO�³� �hF� £A���  �
(2)

Am�¤ ,Aq�AF An�R¤ Am� Amh`m�§ �ykK� ©� ¨� e3 �d��� �bsyF e4 �d���

.TyqbF±� T�®� �§r`� ¨� «rnF
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� Abtm�� ºAO�³� �@¡ �� ryb`t�� �� dq� ,r�µ� Amhn� �� ¨Oq§

.Ty�Er�� Tynb�� ¨� ©rZAnt�� r�Ant�A� �Wqt� X��

�� �sls� ¢�� Yl� �r`y� Ty�Er�� ��d�±� Yn� ¨� r�±� A��

�� ¢qbs§ Am� �`f� �d� �� ¢y�¤ r�Ant�� �� �A� ��d�±�

��d�±� T�wm�� �§r`t� �y`ts� ,AyRA§C ��Ð �§r`t� .��d��

:¨l§ Am� ,A� �slst� Tl`fm��

Definition 1.4.2. Let ε = (E, , 7→) be an EBES, and let
σ = e1, . . . , en be a sequence of events and σ̄ = {e1, . . . , en}
such that σ̄ ⊆ E. We use enε(σ) to refer to the set of events
enabled by σ:

enε(σ) :=
{
e ∈ (E \ σ̄) | (@e′ ∈ σ̄ . e e′) ∧

(∀X ⊆ E . X 7→ e =⇒ X ∩ σ̄ 6= ∅)
}

Then the sequence σ = e1, . . . , en is called a trace of ε iff:

∀i ≤ n . ei ∈ enε(σi−1)

Ah�� ��d�±� �� T�wm�� �� �Aqy� ,�®ykKtl� Tbsn�A� A��

Tynb�� Hf� ¨� r��  A�§� �k�� �Ð� T`Fw� Ty�EC Tyn� ¨� �ykK�

�� �wq�� �km§ r�� ryb`t� .T�wm�m�� �l� ��d�� �� ��¥�

�Ð� T`Fw� Ty�EC Tyn� ¨� �ykK� Ah�� Yl� ��d�±� �� T�wm��

�l� ¨� �r��  wk§ ��d�±� �� �sls� �kJ Yl� Aht�At� �k��

.Ty�Er�� Ynb�� ¨� �®ykKt�� �§r`t� ��AW� �@¡¤ .Tynb��

�ykKt�� �§r`�  �� Ty�Er��¤ Tlqtsm�� ��d�±� Yn� ¨� Am�¤

T§¤A��� �A�wm�m�� 	n�� �� �Ìkm§ r�±� �whf� Yl�  Amt�¯A�

.TybbF �Aql� Yl�

T(ε) z�r�A� ε T`Fw� Ty�EC Tyn� CA�� T�wm�� Y�� ryK�

 A¡rb�� �� dq� .C(ε) z�r�A� Tynb�� �l� �®ykK� T�wm�� Y��¤
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«¤Ast� �ws� A¡CA�� �¤As� �Ð� ε, ε′ �ytyn� ��� �� ¢�� [22] ¨�

:©� .�y�} ry� Hk`�� �k�¤ Ah�®ykK�

(4.1) T(ε) = T(ε′) =⇒ C(ε) = C(ε′)

Hf� ¨W`§ ¢�� ^�®� �y� ��As�� �kK�� @��n� ,�A�m�

ºAO�³� ªAqF�� Anm� w� ¨�At�� �kK�� AhyW`§ ¨t�� �®ykKt��

�slst��  � �y� �ytynb�� ¨� �lt�� �wF CA�µ� �k�¤ .e3  e4
.Ty�At�� Tynb�� ¨� r�� ¢nk�¤ Y�¤±� Tynb�� ¨� r��� Hy� e4, e3

e4

e2 e3

e1

�¯¯ �� rb`�  � Ahl¶�w�¤ �®ykKtl� �km§ ¯ ��@�

��@yfntl� �Ðwmn� T�A�� ¨¡ Am��¤ .T`Fwm�� Ty�Er�� Ynb��

Tb�rm�� �A�wm�m�A� ,�®ykKt�� �¶�w� �� �ryb`� r��� (Runs)
(3)

.Ahl¶�w�¤

Ty�Er�� ��d�±� Yn� ¨� Tb�rm�� �A�wm�m�� �Är`� Yt��

¨¡¤ ,�®ykKt�� ¨� 	y�rt�� T�®� �§r`� ¯¤� Anyl� T`Fwm��

.¨�At�� �kK�� Yl�

Definition 1.4.3. Let ε = (E, , 7→) be a BES and C ∈ C(ε),
and e, e′ ∈ C. Then e ≺C e′ if ∃X ⊆ E .

(
e ∈ X ∧X 7→e′

)
∨e 

e′. Let ≤C be the reflexive and transitive closure of ≺C .

�k�¤ ,CA�µ� �®� �� T`Fwm�� Ty�Er�� Ynbl� TyRA§r�� T�¯d�� ºAW�� �km§
(3)

��d�±� �� rb`� ¯ Ah�w� Ayqyq� Ayn��z� A�Ðwm� rbt`� ¯ CA�µA� An¡w� Am�

.Ahby�r� �®t�� �®� �� ¯� Tn��ztm��
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¨¶z� 	y�r� T�®� ¨¡ ≤C  � Yl� [22] ¨�  A¡rb�� �� �y�

Hy� ��n� An¡ TyqbF±� T�®�  � ^�®� �y� .C T�wm�m�� Yl�

T�®� �� AS§� Am��¤ Ty�Er�� Ynb�� ¨� Am� Tybbs�� �� Xq�

��¤ � Ahl¶�w�¤ Tb�rm�� �A�wm�m�� �� �`�§ A� �@¡¤ ,ºAO�³�

¯ A� w¡¤ ,T`Fwm�� Ty�Er�� Ynb�� �¯¯ �� ryb`tl� TbFAn�

.An§�C Am� ¢l`� Ahl¶�w�¤ �®ykKt�� �yWts�

�ytyn� CA�� �¤As� �Ð� ¢�� Yl� [22] ¨� AS§�  A¡rb�� �� dq�

Tb�rm�� Amh�A�wm�� «¤Ast� �ws� ε, ε′ �yt`Fw� �yty�EC

.�y�} Hk`��¤

(4.2) T(ε) = T(ε′) ⇐⇒ P(ε) = P(ε′)

Cw�@m�� Tb�rm�� �A�wm�m�� �¶�w� �§r`� Yl�  Amt�¯A�¤

Ty�Er�� Ynbl� Tb�rm�� �A�wm�m�� �¶�w� �AqtJ� �km§ Aq�AF

�ym� ©w��) Tym\�� Tl¶A� Ty�At�� Tl¶A`�� rbt`� ®�m� .T`Fwm��

T§�db� Cw�@m�� T`Fwm�� Ty�Er�� Tynbl� (Tb�rm�� �A�wm�m��

.e4  e3 ºAO�³� Yl� T§¤A���¤ �Of��

(∅, ∅)

e2

e4

e3

e2

e4

e4 e3 e4 e3 e1

e2

e4
e1

sy� {e3} Yl� T�r`m�� Tb�rm�� T�wm�m��  � ^�®� �y�

¯ ¢�± {e4, e3} Yl� T�r`m�� T§¤A��� Tb�rm�� T�wm�ml� T¶ Ab�

�§r`�  d�§ Am� e3 �d��� �bs§ �kK� e4 �d��� T�AR� �km§

.Tb�rm�� �A�wm�m�� Tl¶A�
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d`� Tynb�� Hfn� Tym\�±� Tb�rm�� �A�wm�m�� Tl¶A� A��

:¨�At�A� ¨h� e4  e3 ºAO�³� ªAqF�

(∅, ∅)

e2

e4

e3

e2

e4

e4

e3

e4

e3
e1

e2

e4
e1

T§ryb`t�� wq�� 4.1.2

Ynb�� �� T§ryb`� Cd� r��� T`Fwm�� Ty�Er�� ��d�±� Yn� rbt`�

,©rZAn�®�� r�Ant�� T�A� �� ryb`t�� Yl� C A� Ah�w� Ty�Er��

r�Ant�� T�®�¤ Ty�Er�� ��d�±� Yn� T�@m� Yl� C A� ¨h�

Yn�  � AS§� �AntF¯� �km§ ¢yl�¤ .An§�C Am� Ahy� ©rZAnt��

��d�±� Yn� �� T§ryb`� Cd� r��� T`Fwm�� Ty�Er�� ��d�±�

.Ty�Er�� Ynb�� �� T§ryb`� Cd� ��� A¡C¤d� ¨t�� Ty�¤±�

Ynb�� {`� ��Anh� ,rqtsm�� ��d�±� Ynb� Tbsn�A� A��¤

¤�) T`Fw� Ty�EC ��d�� Yn�  A�§� �km§ ¯ ¨t�� rqtsm��

,�®ykKt�� Hf� �ltm� �y�� Ah� Tl�Aq� (A�dhJ Am� Ty�EC

rqtsm�� Ynb�� ¢kltm� ©@�� |AfSf�� C�rqtF¯� dy� T�yt�

.T`Fwm�� Ty�Er��¤ Ty�Er�� Ynbl� �CAO�� C�rqtF¯� dyq� T�CAq�

T�®� T�@m� rqtsm�� ��d�±� Ynb� �km§ ®� ��Aqm�A�¤

Ynb��  � �wq�� �km§ ¢n�¤ .©rZAn�®�� r�Ant�� ¤� ºAO�³�

,[8] T`Fwm�� Ty�Er�� Ynb�� �� T�CAqml� Tl�A� ry� rqtsm��
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¤� «r�±� �� T§ryb`� Cd� r��� Am¡�d�� CAbt�� �km§ ¯ ©�

.Ah� T§¤As�

��l� ��Aq�� r�Ant�� ��Ð ��d�±� Yn� 4.2

Event Sructures for Resolvable
Conflict

�y� r�Ant�� �� Tyl�Aq� �ms� ��d�� Yn� r§wW� [30] ¨� ��

r�An� Yl�  Any`�  A�d�  wk§  � Ahy� �km§ �y� .��d�±�

,��A� �d� �q§ Yt� ,d��¤ �ykK� ¨� A`� �w�w�� �� Amh`nm§

r�Ant�� ��Ð �� �t§ �y�� �ykKt�� Hfn� �w�w�� �� Amhnkm§

.¾T§�d� d��wtm��

�� �A�wm�� �� ��l� ��Aq�� r�Ant�� ��Ð ��d�±� Yn� ���t�

��d�±� �y� Hy�¤ �A�wm�m�� �y� X�r� �y`f� T�®�¤ ��d�±�

.A`� r�Ant��¤ Tybbs�� Ah��Ð T�®`�� £@¡ �@mn� �y�� , rfm��

¨RA§r�� �§r`t�� 4.2.1

Definition 2.4.1. An Event Structure for Resolvable Conflict
(RCES) is a pair ρ = (E,`), where E is a set of events and

` ⊆ P(E)
2

is the enabling relation.

¤ E = {a, b, c} �y�� ,ρ = (E,`) Tynb�� �A�m� @��n�

.X 6= {a, c} �y��¤ X ⊆ E �Ð� Xq�¤ �Ð� ∅ ` X ¤ {b} ` {a, c}
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�y�d� �y� Aq�AF Cw�@m�� r�Ant�� T�A� �A�m�� �@¡ ��m§

T�wm�m��  � Tynb�� ¨� «r� �y� .b �¤d�� ��l� Tl�Aq�� a, c

��@�¤ {c} ,{b} ,{a} ��� ��d�±� �� T�wm��©� �`f� Ty�A���

T§�d� Tl`f� �A�wm�m�� £@¡ �� �k� {a, b, c} ¤ {c, b} ¤ {a, b}
º�dt��) T§�d� �km§  � Y�� ryK§ ¨¶�db�� �y`ft�� �@h� .(Initially)

¤� ¾A`� a, b ¤� c ¤� b �d��� ¤� a �d��� �w�¤ (¨�A��� �ykKt�� ��

�@¡ ryKy� .«rnF Am� a, b, c Yt� ¤� A`� a, c Hy� �k�¤ ¾A`� b, c
�d��� ��¤ �Ð� ¯� , �r�Ant� a, c �y�d���  � Y�� ¨¶�db�� �y`ft��

�mtktF .{b} ` {a, c} �®� �� T��r} ¢y�� CAK� w¡ Am� ,b
�Ðwm� �®� �� a, c �y� r�Ant�� �@¡ �� Tyfy� �� CwO�� £@¡

(4)
.TyRA§r�� Aht�¯ Ynb�� £@¡ ¨W`§ ©@�� �®ykKt�� �Aqt��

�®ykKt�� �Aqt�� �Ðwm� 4.2.2

Configuration Transition

��l� ��Aq�� r�Ant�� ��Ð ��d�±� Ynb� TyRA§r�� T�¯d�� ºAW�� ��

Amy� �r`� w¡ Am� ,�®ykKt�� �y� �Aqt�¯� �Ðwm� �®� ��

.¨l§

Definition 2.4.2. Let ρ = (E,`) be an RCES and X,Y ⊆ E.
Then X→rc Y iff (X ⊆ Y ∧ ∀Z ⊆ Y . ∃W ⊆ X . W ` Z). The
set of configurations of ρ is defined as:

C(ρ) = {X ⊆ E | ∅→∗rcX ∧ X is finite}

where →∗rc is the reflexive and transitive closure of →rc.
T�®`l� ,rqtsm�� ��d�±� Ynb� Amym`�  wkt� Ynb�� £@¡ r§wW� �� ¢�� Am�

(4)

.rqtsm�� ��d�±� Yn� ¨� �d�tsm�� ` z�r�� Hf� Ynb�� £@¡ ¨� �y`ft��
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�yt�wm�� �y� �Aqt�¯� �km§ ¢�� Y�� �§r`t�� �@¡ ryK§ �y�

X ⊆ Y «r�±� ¨� �wt�� Am¡�d�� �A� �Ð� X,Y ��d�±� ��

.X ¨� Ah� TliÌ`f� T�wm�� Y �� Ty¶z� T�wm�� �k�  A�¤

��w� ��l� ��Aq�� a, c �y� r�Ant�� �� ��As�� An�A�� Y��  w`�A�¤

.¨l§ Am� Tynb�� �lt� �®ykKt�� �Aqt�� �Ðwm� �FC Annkm§ b

∅

{a}

{b}

{c}

{a, b}

{b, c}

{a, b, c}

C¤rm�� rb� ¯� {a, b, c} Y�� �Aqt�¯� �km§ ¯ ¢�� �yb§ �@h�

�� �Aqt�¯� �km§ ¯ ¢�� AS§� T\�®m�� �km§ �y� .b �d��A�

.∅ 6` {a, c} ¤ {a, c} ⊂ {a, b, c}  ± {a, b, c} Y�� Ty�A���

��Aq�� r�Ant�� ��Ð ��d�±� Ynb� TyRA§C T�¯ ºAW�� �km§ ¯

ªrK�� ¨� T��r} ryK� ¨t��¤ ,�®ykKt�� �¶�w� �®� �� ��l�

¨� X,Y, Z �®ykK� �®� m� �Ð� ¢�� Y�� Ahf§r`� �� ¨�A���

�� ®ykK� X ∪ Y  wk§  � 	�wty� X ∪ Y ⊆ Z �y�� ,A� Tl¶A�

{a} T�wm�m�� �Amt�A� ,��As�� An�A�� ¨� �bWn§ ¯ �@¡¤ .Tl¶A`��

�km§ ¯ �k�¤ {a, b, c} T�wm�m�� ¨� «wt�� {c} T�wm�m��¤

(5)
.Tynb�� ¨� ®ykK�  wk�  � {a, c} T�wm�ml�

T�CAq� �¯A��� �Aqt�� �Ðwmn� T§ryb`t�� Cdq�� �¤Ant� TF�C An§d� r�wt§ ¯
(5)

�z��� �km§ ®� .Tb�rm�� �A�wm�m�� �¶�w�¤ �®ykKt�� �¶�w`� «r�±� �ÐAmn�A�

Yl� ºAn� �®ykKt�� �¶�w� �� T§ryb`� Cd� r��� �¯A��� �Aqt�� �Ðwm� ����

.��As�� �A�m��
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T§ryb`t�� wq�� 4.2.3

T§ryb`� Cd� r��� ��l� ��Aq�� r�Ant�� ��Ð ��d�±� Yn�  �

T�@m� Yl� A¡C¤d� C A� ry��� rqtsm��¤ Ty�¤±� Ynb�� ��

¨� �� dq� T�AR� .[30] ¨� �¡rb� w¡ Am� ,��l� ��Aq�� r�Ant��

Ty�Er�� ��d�±� Yn� T�@m� Tyfy� Y�� CAJ³� ��rm�� Hf�

�� dq� T�AR� .��l� ��Aq�� r�Ant�� ��Ð Ynb�� �®� �� T`Fwm��

Tyn� ©� �� ��l� Tl�A� r�An� ��Ð Tyn� �AqtJ¯ �§r`� [1] ¨�

Tynb��  � �y�� ,�¯A��� �Aqt�� �Ðwm� �®� �� Tl�m� ��d��

.Ah�¯Aqt��¤ �®ykKt�� �y� �� Tyl}±� Tnybl� T·�Ak� TqtKm��

r��� ��l� ��Aq�� r�Ant�� ��Ð ��d�±� Yn�  � A�A¡r� �@¡ rbt`§¤

�Ðwm� �®� �� ¢ly�m� �km§ Ynb�� �� �w� ©� �� T§ryb`� Cd�

.�®ykKt�� �Aqt��
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5 
Ab��

Tyq�dt�� ��d�±� Yn� ¨� ym�� �fq��

Deadlock in Flow Event

Structures

Tyq�dt�� ��d�±� Yn� 5.1

Flow Event Structures

��Cdq�� [7] ¨� Ahf§r`� �� Am� Tyq�dt�� ��d�±� Yn� �Fw�

d��wtm�� ª¤rK��{`�Xqs�¤ ,Ty�¤±� ��d�±� Ynb� T§ryb`t��

�Abbs� �y� r�Ant�A� Tyq�dt�� ��d�±� Yn� A�wm� �ms� .Ahy�

ªÁrtKu§ �� ,®y�ts� �d��� ��Ð ���  wk§ ¯ A¡dn`� .A� �d�
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.�d��� ��Ð �ykmt� r�Antm�� ry� �Abbsm�� �� �¤d�

¤� {e1, e3} �®� �� e �d��� �ykm� ¨�At�� �A�m�� ¨� �kmy�

�y`f� ¨� ��CAy���  d`� �A�� 
Ab�� �tf� ��@� ¨h� .{e2, e3}
.Ty�Er��¤ rqtsm�� ��d�±� Yn� C�r� Yl� ,��d�±�

e2
e1

e3

e

Causal Cycles Tybbs�� �Aql��� 5.1.1

�\nl� Ty`��¤ r��� T�@mn� Tyq�dt�� ��d�±� Yn� �ms�

Ynb� .T§ Amt�¯� �Aql��� �� A�Ay�� wl�� ¯ ¨t��¤ TF¤Cdm��

:¾®�� ¨�At�A� �ms� Tyq�dt�� ��d�±�

e1 e2

T�A� �� rb`§ ®y�ts� A�d� A¡dn� e2 ¤ e1 �� �� rbt`§¤

r��� Yl� ��As�� �A�m�� �ym`� �km§¤ .(Dead Lock) y� �f�

.�y�d� ��

e1 . . .
en
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Inconsistent Events Tqst�®�� ��d�±� 5.1.2

¨h� .Ah��Ð �� r�Ant� ��d��  w�w� Tyq�dt�� ��d�±� Yn� �ms�

.(Irreflexive) TyFAk`�� ry� r�Ant�� T�®�  wk�  � ªrtK� ¯

�d��A� Xy�§ ��rm� Ay�wFC ¢ly�m� �t§¤ ,e#e  � �wq�� �kmy�

¢nkm§ ¯¤ (¢��Ð ��) �st� ry� A�d� ��m§ An¡ e �d��A� .e

�Ð�� .r�Ant�� �� Ty�A�  wk�  � ªÁrtKu§ �®ykKt��  ± ,�¤d���

®y�ts� A�d� e′  wkys� e Yl� dmt`§ e′ ��� r�� �d� m�

.¨�At�� �A�m�� �Rw§ Am� ,AS§�

A¡dn� A� T��A`m� �km§ ¯ T�A� ¨¡ ym�� �fq�� T�A�  �

A¡dn� �km§ ¯ ©� .T�At�� �®ykKt�� ¨� «rnF Am� @yfnt�� T`�At�

��d�±� {`� @yfnt� (T�A��� �l� �� rb`m��) �ykKt�� �yFw�

{e′′} �ykKt�� d`� ¢�� «rnF ¨�At�� �A�m�� An§d�  A� �Ð�¤ .«r�±�

¨� Tla�mm�� T��A`m��  wktF¤ ��d�±� �� d§zm�� @yfn� �km§ ¯

.y� �f� T�A�

e′′ e e′

r�Ant�� T��C¤ ªAqF� 5.1.3

(Conflict r�Ant�� T��C¤ ªrJ AS§� Tyq�dt�� ��d�±� Yn� Xqs�

�A�m�� ¨� Tynb�� rbt`t� .Ty�¤±� ��d�±� Ynb� QA��� Heridity)
.Tyq�d� Tyn� ¨�At��

53



e1 e2

e3 e4

Yl� ¢��Ð �A�m��  wkyF Ty�¤� ��d�� Tyn� �d�ts� An� w�¤

:¨�At�� �kK��

e1 e2

e3 e4

�ykKt�� d`� ¢��� Tq�As�� Tyq�dt�� Tynbl�  w`�A� �k�¤

r�Ant� Ty�Ab�� ��d�±�  ± r�� �d� ©� @yfn� �km§ ¯ {e1, e2}
¨�¯d�� r�Ant�A� ¨nmS�� r�Ant�� �@¡ Yms§ .T��r} Hy�¤ AnmR

.(Syntactic) ¨On�A� Ymsy� r¡A\�� r�Ant�� A�� (Semantic)

 w�wm�� r�Ant�� T��C¤ Tyq�dt�� ��d�±� Yn� �nm� ¯ ��Aqm�A�

AS§� A¡CAbt�� �km§ ¨t��¤ ��As�� �A�m�� ¨� Ty�¤±� Tynb�� ¨�

r�Ant�� Ahy� ��AWt§ ¨t�� Tynb�� �l� Y�d� A¡dn� .Tyq�d� Tyn�

r�An� Hk`� Ah�± (Faithful) T� AO�� Tynb�A� ¨�¯d�� �� ¨On��

.�dO� ��d�±�
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Tyq�dt�� Tynbl� ¨RA§r�� �§r`t�� 5.1.4

Definition 1.5.1. A Flow Event Structure (Flow ES) is a triple
δ = (E,#,≺) where:

� E, a set of events
� # ⊆ E2, a symmetric relation (the conflict relation)
� ≺⊆ E2 an irreflexive relation (the flow relation)

[8] �� Hbtq� w¡ Am� ,Tyq�dt�� Ynb�� ¨� �ykKt�� �r`§¤

:¨l§ A� �q�§ X ⊆ E ��d�±� �� Tyhtn� T�wm�� ¢�� Yl�

� X2 ∩# = ∅
� ∀e ∈ X . ∀e′ ∈ E . e′ ≺ e =⇒ (e′ ∈ X ∨ ∃e′′ ∈
X . e′#e′′ ≺ e)

� @e1, . . . , en ∈ X . e1 ≺ . . . ≺ en ≺ e1, i.e. the transitive
and reflexive closure ≤X of ≺ on X is a partial order

� ∀e ∈ X . {e′ | e′ ≤X e} is finite

¨�A��� A�� ,r�Ant�� �� wl��� Yl� �¤±� ªrK�� Pn§ �y�

�Abbs� d��w� 	�§ �ykKt�� ¨� �d� �� ��� �� ¢�� Yl� Pny�

�ykKt�� ��Ð ¨� d�¤ �Ð� ¯� ,¢sf� �ykKt�� ¨� �d��� ��Ð

��A��� ªrK�� A��¤ .Ah`� r�Ant� �d��� Hfn� «r�� �Abbs�

�km§ ¢yl� ºAn�¤ .�ykKt�� ¨� TybbF �Aql�  w�¤ �d� Yl� Pny�

(�ykKt�� Yl� AhVAqF� ©�) �ykKt�� ¨� Tybbs�� T�®� Y�� r\n��

.CAbt�¯� �y`� TyFAk`�¯�¤ ©d`t�� @�� �� ,	y�r� T�®� Ah�� Yl�

�� �Abbs�  wk�  � 	�§ ¢�� Yl� Pny� ry�±� ªrK�� A��¤

.Tyhtn� T�wm�� �ykKt�� ¨� �d�
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ym�� �fq��¤ T�At�� �®ykKt�� 5.1.5

Complete Configurations and Deadlock

�wq� .δ = (E,#,≺) Tyq�dt�� Tynb�� �� X �ykKt�� An§d� �ky�

: A� �Ð� (Complete) �A� ¢�� �ykKt�� �@¡ ��

∀d ∈ E . d /∈ X =⇒ ∃e ∈ X . e#d

: A� �Ð� (Maximal) ¨m\�� ¢�� X �� �wq� ��Aqm�A�¤

∀Y ∈ C(δ) . X ⊆ Y =⇒ X = Y

¨m\�� �ykK� �� Hyl� ,Ty�¤±� ��d�±� Yn� Hk� Yl�¤

��d�±�¤ Tybbs�� �Aql��� T�yt� ,Tyq�dt�� Ynb�� ¨� A�A� ®ykK�

®�m� .¨�¯d��¤ ¨On�� r�Ant�� �y� �®t�¯�¤ ,Tqstm�� ry�

,¨m\�� {a} �ykKt��  � ^�®n� .Ty�At�� Tynb�� �®ykK� @��n�

.�A� �ykKt� Hy� ¢nk�¤

a

b c

f

d e

«r�� T��A`m� ®}� ¨mtn� e, f ��d�±�  � AnRr� �Ð��

¨lsls� �kK� a, b, c, d Yl� T§¤A��� T��A`m�� �� Ahby�r� ��

A¡dn� (��d�±� �q} ¨� «rnF Am�) (Sequential Composition)
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T�A� ¨� ©� ,@yfnt�� T`�At� Yl� C A� ry� T��A`m�� �l�  wktF

.[28] y� �f�

Definition 1.5.2. A flow event structure δ is deadlock-free iff
every maximal configuration in δ is complete.

Tyq�dt�� ��d�±� Ynb� T§ryb`t�� Cdq�� 5.1.6

b
c

a

e

�¶�w� Ty�A� ��) rqtsm�� Ynb�� �� �ryb`� ��� Tyq�dt�� Ynb��  �

¢�� ^�®� £®�� rqtsm�� Tynb�� A�@�� �Ð� ®�m� .(�®ykKt��

Tyq�dt�� ¨� �km� ry� �@¡¤ {a, d} �ykKt�� Yl� �wO��� Annkm§

Hf�¤ ��d�±� Hfn� Tyq�d� Tyn� Yl� �wO��A� Anb�C �Ð� An�±

Annkm§ ¯ A¡dn�¤ ,Ty�At�� Tynb�� Yl� �O�nF r�Ant��¤ Tybbs��

�� r�Ant� ry� a  ± {a, b, d} ¤� {a, d} �®ykKt�� Yl� �wO���

�§r`� 	s� d �ykm� �ty� a �¤d�¤ ¢�¤d� 	�§ b  �� ¢yl�¤ b
 w�wm�� r�Ant�� Yl� ^�A�� �� �Ð� A�� .Tyq�dt�� Tynb�� �®ykK�

�®ykK� Yl� �O�� �l� ,�A�m�� ��Ð �� rqtsm�� Tynb�� ¨�

.Hk`�� ¤� Tyl}±� Tynb�� ¨�  w�w� �A� «r��

rqtsm�� Ynb�� �y� T§ryb`t�� Cdq�� ¨� �®t�¯� 	bF  �

Tynb�� ¨� Xb�r� �y`ft�� ¨� �A§CAy���  � �� ��A� Tyq�dt��¤

¨n`§ �Abbsm�� �y� r�An�  w�w� ,r�Ant�� �� �y�¤ �kK� Tyq�dt��
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�kK� �A§CAy��� �r`t� rqtsm�� Ynb�� A�� .©CAyt�� AhS`�  �

�� Ty�Er�� ��@�¤) Tli`fm�� �A�wm�m�� �®� �� �qts�

T�AR³ rWSnF rqts� Tyn� �§w�� dn� ��@�¤ .(�Er�� �®�

,Tybbs�� ��CAy��� Hf� Yl� �wO�l� ��r�Ant�� {`� �@� ¤�

.�®ykKt�� {`� Yl� £C¤d� r�¥yF ©@��¤

Ynb�� �� �ryb`� r��� Tyq�dt�� Ynb�A� r�� dy`} Yl�

Ty�EC Tynb� Ahly�m� �km§ ¯ Ty�At�� Tyq�dt�� Tynb�A� ,Ty�Er��

�y� T§r�An� � wy� |rf� Ty�Er�� Ynb�A� .�®ykKt�� Hf� ¨W`�

�Abbsm�� �y� r�Ant�� �� �lt�§ A� w¡¤ ,d��w�� T�Er�� ºAS��

T�®`� �Abbsm�� �l� Xb�r� �y� Tyq�dt�� Ynb�� ¨� A� �d��

.∧ TyqWnm�� AND

b
c

a

e

 A`btF¯� Tyn� T�@m� - ¨qybW� �A�� 5.2

Mutex � Abtm��

�ysnt�A� �ms� �Ay�� ��d�tF� Tn��ztm�� �\n�� T��r� dn� �t§

� Abtm��  A`btF¯� Tyn� ��d�tF� �t§ ®�m� .�A��A`m�� �m� �y�

TqWnm�A� Y�d� �Amyl`t�� �� T�wm�� @yfn� �ysnt� (Mutex)
@yfnt� Tny`� T��A`� �wq� A�dn� �y� .(Critical Region) T�r���

Yl�  A� ©wt�� ¨t��¤ Ah� T}A��� T�r��� TqWnm�� �Amyl`�

�w�w�� ¤� T�rtKm�� (Variables) �¯w�tm�� {`� �y� �§d`�
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T��A`m�� �l� 	�r� ¯ (Shared Resources) T�rtK� C AOm�

�y� �§d`� ¤� C AOm�� Hfn� �w�w�A� «r�� T��A`� �wq�  ��

.�w�� Hfn� Ahsf� �¯w�tm��

P P ′

while true
{
lock
critical region
release
}

while true
{
lock
critical region
release
}

�lt� �w�w�� �nm� A¡dn� � Abtm��  A`btF¯� Tyn� �wq�

�w�w�A� Ty�A�l� �Ams��¤ ,Xq� �A��A`m�� �� d��w� C AOm��

?Tynb�� �l� �m`� TyRA§C T�¯ ºAW�� �km§ �yk� .��¯ �w�

�y� .Tyq�d� ��d�� Tynb� Ahly�m� �®� �� ��Ð �km§ ,���w�� ¨�

.¨l§ Am� ��d�±� �� Ty¶Ah� ¯ Tsls� Tql��� ��m�

59



lock0

cr0

release0

lock1

cr1

release1

...

 A`btF¯� Tyn� �f� Tylm`� �¤±� �¤d��� lock0 �d��� ��m§

TqWnm�� �Amyl`t� �¤±� �¤d��� cr0 �d��� ��m§¤ ,� Abtm��

Ty�A��� ��d�� �� Y�¤±� T��A`m�� ��d�� zyymt�¤ .��� ,T�r���

�d��A� Y�¤±� T��A`m�� ¨� �fq�� Tylm`� �¤±� �d��� ��m�

,lock′0 �d��A� Ty�A��� T��A`m�� ¨� �fq�� �d� ��m� Amny� , lock0
.��d�±� ¨�Ab� Tbsn�A� �@k¡¤

��d�� Yl� T§¤A��� Tyq�dt�� ��d�±� Tyn�  wk� A¡dn�

� Abtm��  A`btF¯� Tyn� �m� �Wn� ��m� ¨t��¤ A`� �yt��A`m��

.¨�At�A�
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lock0

cr0

release0

lock1

cr1

release1

...

lock′0

cr′0

release′0

lock′1

cr′1

release′1

...

¯� @yfn� �km§ ¯¤ r�Ant� lock′0 ¤ lock0 ��d�±�  � ^�®�

 � «r� ��Aqm�A� .�fq�� �� ��d�� Yl� AS§� �@¡ �bWn§¤ .A¡d��

d`� �km� (lock1 ¨� Am�) �fq�� Yl� �A��A`m�� «d�� Ð�w�tF�

T��A`m�� �b� �� ¤� release0 T��A`m�� Hf� �b� �� �fq�� ��

.CAy��� �@¡ �yt§ �Abbsm�� �y� r�Ant�A� ,release′0 «r�±�

 ± ¨nmR r�An� Yl� release′0 ¤ release0 �y�d���  �

r�Ant�� �@¡ �`� ©C¤rS�� �� �k�¤ .®}� r�Ant� Amh�Abbs�

�@¡¤ lock1 �fq�� �d� �y`f� ¨� T§CAy��� r�w� ¨� ¨O�

r�Ant��  wk§  � ©C¤rS�� �� Hy� Amny� .An§�C Am� ©C¤rR

¯ ¢yl�¤ .(¾AÌy�¯ ) AnmR �§r�Antm�� cr′0 ¤ cr0 �y�d��� �y� AyO�

.T� A} Tynb�� £@¡ CAbt�� �km§

��d�±� �w�¤ �km§ ¯ A¡dn� lock′0 �w�¤ AnRr� �Ð��

Ahnkm§ P T��A`m��  � ¨fn§ ¯ �@¡ �k�¤ .lock0, cr0, release0
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��d�±A� .lock1 ��� ,r�� �f� �d� �®� �� �fq�� Yl� �wO���

��Aqm�A� .�fq�A� Crktm�� �A`�±� �� �s� ¨¡ A�r�Ð Am�

�d��� �w�¤ ©C¤rS�� �� Hyl� release′0 �d��� �w�¤ dn`�

T�yt� �@¡¤ .¾� d�� P ′ T��A`ml� C¤d�� ºAW�� �km§ �y� ,lock1
Cdq�� �d� Yl�Pn§ ©@�� (Non-determinism) d§d�t�� �d� �db�

Yl�  A�d���  �@¡  wk§ A�dn� �qyF �y�d��� �� ©� d§d�� Yl�

.lock1, lock
′
1 ��� ,�Abbsm�� Hfn� �yl`f�¤ r�An�

While Tql� C�rk� ��m§ ¯ An¡ lock0, lock1, . . .  �d`t�A�

�ykKt�� ��m§ �A�m�� �ybF Yl� .�A`�±� �� T�s� w¡ ��

�� �k� �d��¤ �C�rk� {lock0, cr0, release0, lock′1, cr′1, release′1}
.�yt��A`m��

Ynb��  w� rqts� Tynb� Tq�As�� Tynb�� �y�m� �km§ ,�ry��

�km§ ���w�� ¨�¤ .An§�C Am� Tyq�dt�� �� �ryb`� r��� rqtsm��

ryy��  ¤ ) AS§� rqts� Tyn� Ah�� Yl� Tq�As�� Tynbl� r\n��

.A¡ry�¤ Ty�As�¯�¤ C�rqtF¯� ª¤rJ ¨�wts� ¨h� ,(¨�wFC

�k� ,T`Fw� Ty�EC ¤� Ty�EC ��d�� Tyn� ��d�tF� AS§� �km§¤

.Ty�¤� ��d�� Tyn� ��d�tF� �km§ ¯

?�A��A`� �®� ��� �� Tynb�� £@¡ ¤dbtF �y� ,�At��� ¨�¤
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6 
Ab��

©rZAn�®�� ���zt��

Asymmetric Concurrency

T�dq� 6.1

Y�d� ���zt�� �� T`¶AJ ry� T�A� Y�� �Of�� �@¡ ¨� �r`tnF

Hfn� �¤d��� b ¤ a �y�d�� Ahy� �km§ ,©rZAn�®�� ���zt��

.a �b� b �¤d� �km§ ¯ �k�¤ ,b �b� a �d�§  � ��@�¤ ,�w��

��d�±� Ty�®qtFA� Xb�r§ ©@�� ���zt�� �§r`� ��A�§ A� �@¡¤

¤� �w�� Hfn� �¤d��� Amhnkm§ �yn��ztm�� �y�d���  � �¶Aq��¤

. A� 	y�r� ©��

¨� ©rZAn�®�� ���zt�� �� T�A��� £@¡ �� �A�� T§¦C �km§
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(Petri Nets with Inhebitor TWb�m�� �A`�±� ��Ð ©rt� �AkbJ

��d�� Tyn� �� ¯A�� 
Ab�� �@¡ ¨� «rnF¤ ,[5] ¨� Am� Archs)
.���zt�� �� T�A��� £@¡ Yl� ©wt�� [1] �� Tsbtq�

�A�m� TyVrK�� Tybbs�� 6.2

Conditional Causality

 � b �d�� �km§ ¢�� Yl� [1] ¨�  C�w��¤ TyVrK�� Tybbs�� Pn�

T§ Amt�� £@¡¤ ,c r�� �d� �w�¤ dn� a �d� Yl� ¾�dmt`� �bO§

.c �d��� �w�w� TV¤rK�

Definition 2.6.1. A Conditional-Causality Event Structure is
a tripple χ = (E,#,�) where:

� E, a set of events
� # ⊆ E2, an irreflexive symmetric relation (the conflict

relation)
� �⊆ P(E)1 × E2, the enabling relation

that satisfies the following constraint:

∀e, e′, e′′ ∈ E . e′′
{e}
−� e′ =⇒ e′′ −6� e′

�� rOn`�� T§ A�� T�wm�� �y� An¡ �y`ft�� T�®� X�r�

®�m� .«r�� Th� �� ��d�±� �� �¤E¤ (Ty�A�  wk� d�¤) Th�

¨n`§ A� ,(e′′, e′) �¤z��¤ {e} T�wm�m�� �y� ªAb�C� w¡ e′′
{e}
−� e′

e′  � ¨n`y� e′′ −� e′ A��¤ .e �w�¤ �A� ¨� e′′ Yl� dmt`§ e′  �
.�d� ©� �w�w� ª¤rK� ry� �kK� ©� ,T§�d� e′′ Yl� dmt`§
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(E,#,�) TyVrK�� ��d�±� Tyn� �A�m�� �ybF Yl� @��n�

�AqtJA� �wq�  � �¤A�n� .a
{c}
−� b ¤ # = ∅ ¤ E = {ab, c} �y��

�§r`�  ¤ ) TyVrK�� Tybbs�� �whf� Yl� ºAn� Tynb�� £@h� CA�µ�

cba �slst��  � ¨�A��� �A�ml� Tbsn�A� �tntsnF .(¾Ay¶db� ¨RA§C

c �w�¤  r�m� ¢�± cb ��@�¤ ,Tynb�� �l� ¨� �r��  wk§ ��

�kKts� Ty�At�� �®slst�� A�� .b �w�w� A§C¤rR a �w�¤  wkyF

,acb ,cab ,bac ,bca ,ca ,ac ,bc ,ab ,ba ,a ,b ,c Tynb�� �l� ¨� �CA��

(1)
.abc

Yn� �Sf� �k�¤ ,T�A��� £@¡ ¨� �hF CA�µ� �AqtJ�  �

Ty�Ak�� rh\� ¨t�� �¯¯d�� ���ztl� ¨qyq� �Ðwmn� ��d�±�

.Ahby�r� �®t�� �®� �� Xq� Hy�¤ ¢��Ð �w�A� ��d�±� @yfn�

�A�wm�m�� ��d�tF� �®��� T�¯d���l� ��� ºAW�� �¤A�n�

�� ryb`t�� Yl� Ah�Cd� An§�C Am� tb�� ¨t��¤ Ay¶z� Tb�rm��

�A�wm�m�� Tl¶A� ¨� rykft�� Annkm§ .���ztm�� @yfnt�� Tqyq�

.Tq�As�� Tynbl� ��@yfnt� Ty�At�� Tb�rm��

(∅, ∅)

a

b

c

a

b

b c

a

c

a

b c

c

a b

T§¤A��� Tb�rm�� T�wm�m�� Yl� �wO��� Annkm§ ¯ ¢�� ^�®�

cb r�±� Yl� �wO��� Ty�Ak�� ¨n`§ �@¡  ± ,�ylqts� c ¤ b Yl�

.Xq� º�rq�� T�whs� An¡ CA�µ� ��d�� �y� Tl}Af�� ªAqF� ��
(1)
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Tb�rm�� T�wm�m�� Yl� �wO��� Annkm§ ®� ��m�A�¤ .�kmm�� ry�

��Ð  ± ,{`b�� �hS`� �� �ylqts� c ¤ b ¤ a Yl� T§¤A���

.�kmm�� ry� cba r�±� Yl� �wO��� ¨n`§

AmhS`� Yl� �§dmt`� ry� c ¤ b �y�d���  � ���w�� ¨�

�bO§ ©@�� a ��A��� �d��� �� Amht§ Amt�� ¨��� Am��¤ ,rJAb�

TyVrK�� Tybbs�� Pn� ,CAOt�A� .c �w�¤ dn� b @yfnt� A§C¤rR

,b �w�w� A§C¤rR a �bO§ b �b� c �w�¤ �A� ¨� Xq� ¢�� Yl�

.�w�� Hfn� b ¤ c �w�¤ �� ��A� ®�

,��d�±� Ty�®qtF¯� �� ���rt§ ¯ ���zt�� �� �wn�� �@¡  � Am�

T�¯ ºAW�³ Ahl¶�w�¤ Tb�rm�� �A�wm�m�� ��d�tF� �km§ ®�

���zt�� �� rb`� Tb�rm�� �A�wm�m�A� .���zt�� �� �wn�� �@h�

�A�wm�m�� �¶�w�  � Am�¤ .�rO� ��d�±� Ty�®qtF� �®� ��

®� ,�®ykKt�� �¶�w� �� T§ryb`� Cd� r��� Ay¶z� Tb�rm��

�®� �� ©rZAn�®�� ���ztl� TyRA§C T�¯ ºAW�� AS§� �km§

(2)
.�®ykKt�� �¶�w�

�� b ¤ c �y�d��� �n� �®� �� ©rZAn�®�� ���zt�� T�A� 	n�� �km§
(2)

Ah¶AW�³ Ahl¶�w�¤ Tb�rm�� �A�wm�m�� ��d�tF� �km§ A¡dn� ,d��¤  �� �¤d���

A�d� AnRr� �Ð� ®�m� .��d�±� Yn� �� d§d`�� ¢`bt� �� �@¡¤ .TyRA§r�� T�¯d��

�y�d��� �§@¡ �w�¤ �km§ ®� ,T`Fwm�� Ty�Er�� Ynb�� ¨� r�� �d� ºAO��� �wq§

�A� ¨� �k�¤ .Ynb�� �lt� T}A��� Tb�rm�� �A�wm�m�� �Rw� Am� �w�� ��@�

ºAW�³ «r�� �ÐAmn� �At�nF ,¢��Ð �w�A� �¤d��� �� �y�d��� �§@¡ �ykm�

.�y� Aq�� �ylOf�� ¨� £�rnF A� �@¡¤ ,T�A��� �lt� TyRA§C T�¯ 
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Tf}�rtm�� 	y�rt�� Yn� �®� �� T�¯d�� 6.3

Stratified Order Structures

A`yFw� rbt`� ¨t��¤ Tf}�rtm�� 	y�rt�� Yn� �§r`� [18] ¨� ��

Ah�r`� ¨t�� TyqbF±� T�®`� T�AR�� .Tb�rm�� �A�wm�m�� �whfm�

Ty�AR� T�®� Tf}�rtm�� 	y�rt�� Yn� �r`� ,Tb�rm�� �A�wm�m��

Ty�®� �kJ Yl� Tynb�� �l� 	tk� �y� .(d`� Hy�) T�®� Yms�

Hy�) T�®�¤≺ TyqbF±� T�®�¤X T�wm�� �� ���t� (X,≺,@)

�w�� ��@� A��� ,c d`� �q§ ¯ b  � ¨n`§ b @ c  � �wq�A� .@ (d`�

.¢qbs§ ¤�

Hfn� ¢��Ð �� �q§ �d� �k� ,T§rZAn� T�®� ¨¡ @ T�®�  �

T�®� Ah�� �AtntF¯� �km§ r�� ryb`t�¤ .AS§� T§d`t� ¨¡¤ ,�w��

.(Preorder) 	y�rt�� �b� A�

���ztl� TyRA§r�� T�¯ ¯� ºAW�³ Ynb�� @¡ ��d�tF� �km§

�ykKt�� T�At� �km§ ®�m� .@ T�®� �®� �� ©rZAn�®��

Tf}�rtm�� Tynb�� �kJ Yl� TyVrK�� Tybbs�� �� An�A�� �� {b, c}
�AqtJ� �km§ ��m�A�¤ .b @ c ¤ ≺= ∅ ¤ X = {b, c} �y� (X,≺,@)
T\�®m�� �� ,�A�m�� ��Ð ¨� �®ykKt�� Tyqb� Tf}�rtm�� Ynb��

e2 �b� �q§ �� e1  �� e2 A�d� �bs§ �bs§ e1 �d� m� �Ð� ¢��

.e1 ≺ e2 =⇒ e1 @ e2 :¨RA§C ryb`t� ©� ,A�wR¤
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�®ykKt�� �Aqt�� �Ðwm� �®� �� T�¯d�� 6.4

Configuration Transition

Yn� ¨� AS§� �d�tsm��¤ ,�®ykKt�� �Aqt�� �Ðwm� ��d�tF� �km§

©rZAn�®�� ���zt�� �� ryb`tl� ,��l� ��Aq�� r�Ant�� ��Ð ��d�¯�

�Aqt�� XW�� ®�� ¨�At�� �kK�� �Rw§ .[1] ¨� �Rw� w¡ Am�

.Aq�AF Cw�@m�� TyVrK�� Tybbs�� �A�m� �®ykKt��

∅

{a}

{b}

{c}

{a, b}

{a, c}

{b, c}

{a, b, c}

.{b, c} Y�� {c} �� �Aqt�¯� �km§ ¯ ¢�� �wRw� XW�m�� ©r§

b @yfn� Ty�Ak�� ¨n`§ ©@��¤ {b, c} Y�� ∅ �� �Aqt�¯� �km§ Amny�

.�w�� Hfn� c ¤
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7 
Ab��

��d�±� Yn� ¨� �A`�±� �q}

Action Refinement in Event

Structures

�A`�±� �q} �whf� 7.1

©CÐ �kJ Yl� Ahly�m�¤ �A`�±� {`� Y�� r\n�� T��s�  �

.d§r�� T��s� w¡ º ©z�tl� ��A� ry� �d�� ©� (Atomic)
Ah�� Yl� A§CÐ Tl�mm�� ��d�±� {`� �y�m�  A��� 	�r� A� �ry�k�

.Tyl��d�� ��wW��� �yRwt� ��d�±� �� T�wm�� �sls�
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Order
Pay

Ship

A� �tn� º�rJ XW�� �y�mt�  r�� «wtsm� ®�� �wq� dq�

Yl� A��¤ .��K�� �� ��d�� �� 	lW�� Tylm� �� ��¥� ¢�� Yl�

�A� � Tylm� �� ���t§ ��d��  � �wq� dq� ¨lyOft�� «wtsm��

�lbm�� �AWt�� �� ,�rOm�� Tq��w� Yl� �wO��� �� ��d�� �A�Ay�

.¨l§ Am�

Obtain Info
Bank Ack

Cut

º�rJ Tlym`� Tl�mm�� Tylk�� ��d�±� Tyn� CwO� �km§ �yk�

Tylm`� Tyl��d�� �y}Aft�� CAbt�¯� �y`� �§@�� ¢n�J¤ �tnm��

.£A� � �Rwm�� �kK�� Yl� T�r`�  wktF ,r�±� ���¤ ¨� ?��d��

¨�At�A�¤ ��d�� Tylm`� T§C¤rR º�rK�� Tylm�  � �l`� ��n�

�A� � Tylm� ¨¡¤ ��d�� ��wW� �� wW�� �w}wl� T§C¤rR

�Amt�� �b� �t� �� ��K�� Tylm�  � ��@�¤ .��d�� �A�Ay�

.�Am�� �AWt�� ¨¡ ¨t�� ¢��wW� r�� ºAht�� �b� ©� ,��d��

Order
Obtain Info

Bank Ack

Cut
Ship

��«r�� T�wm�m� (��d�±� ¤�) �A`�±� ��dbtF� Tylm� Yms�

(Action Refinement) �A`�±� �q} Tylm`� (��d�±� ¤�) �A`�±�

��� ���zt�� T§r\� �ÐAm� �� d§d`�� Yl� T�r`� Tylm� ¨¡¤

Am� A¡ry�¤ (Causal Trees) Tybbs�� CA�J±� ,�A��A`m�� rb�
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(��d�±�¤) �A`�±� �qn� ¨t��¤ ,[29, 26, 27, 28, 14, 13] ¨� «r�

.�z�m�� Aht�A� Y�� �z�m�� ry� T§C@�� Aht�A� ��

T�r`� ��d�� Tyn� �� �Aqt�¯� Ty�� Tylm`�� £@¡ �Ãr`u� �y�

r��� «wts� Yl� ��d�� Tyn� Y�� �A� ©d§r�� «wts� Yl�

¢��wW�� �d� �� ��dbtF� �®� �� ,(�d§r�� ��� ¤�) ®yOf�

Y�� ¨lyOft�� «wtsm�� �� ��d�±A� �Aqt�¯� Tylm� A�� .Tyl��d��

Am� (Abstraction) d§r�t�� Tylm`� Ymst� ©d§r�t�� «wtsm��

Yl� �Of�� �@¡ ¨� An�Amt¡� z�rnF Annk�¤ ,[11] ¨� �Rw� w¡

.d§r�t�� Tylm� ¨� r�bt�� Tmh� ¹CAql� �rt�¤ ,�qO�� Tylm�

,�Ay��rb�� �ymO� dn� ���w�� ¨� �d�§ A� w¡ �qO��

Ynb�� Hk`�  r�� �AWW�m� (Design) �ymOt�� �db§ �y�

�yq�t�� Tl�r� Y�� �Aqt�¯� �t§ �� ��¤ ,Tysy¶r�� ��wW���¤

�k�¤ Tysy¶r�� ��wW��� Yl�_Af��� �t§ �y� (Implementation)
�m� .�ymOt�� ¨� Cw�@m�� �slst�� ryy��  ¤ ,rb�� �yOft�

,�ymOt�� ¨� A�wms� �k§ �� A� T�AR� �yq�t�� ¨� �wmsm�� ry�

rbt`� ¯ ¨�At�� �kK�A� T�Rwm�� Tynb�A� .A�wms�  A� A� �n� ¤�

	lW�� �d�� ���ztm�� @yfnt�A� �ms� Ah�± ,º�rK�� Tylm`� ®q}

Am� ��d�� �bs§  � 	�§ 	lW�� �k�¤ ,��d�� Tylm� ��d�� ��

.Tyl}±� Tynb�� ¨� w¡

Order

Obtain Info

Bank Ack

Cut
Ship

Xq� Hy� ��d�±� �q} TF�C dyf�  � �km§ «r�� Th� ��

Tyn�  wk�  �� �k��A� Am��¤ ,®yOf� r��±� Tynb�� �AqtJA�
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ryb`t� ¤� ,¯ �� «r�� Tyn� �q} �� Tm�A� Tny`� TylyOf� ��d��

Am� ¯ �� �q} T�®`� AmhS`� ��  AtWb�r� �ytynb��  �� r��

{`� Yl� �r`t�� �®� �� ��d�±� �q} 
�w�� �rWnl� .«rnF

.Ty�At�� ��rqf�� ¨� TyFAF±� �y¡Afm��

Tybbs�� T��C¤ 7.1.1

��d�±� Tyn� �§r`� dn� Anm� An�� d�� ,º�rK�� �A�� Y��  w`�A�

dq� ,Tyl}±� Tynb�� ¨�  w�wm�� Tybbs�� ��rt�A� Ah� TylyOft��

Tylm� ± º�rK�� Tylm�Yl� AybbF dmt`� ��d�� ��wW�Y�¤� Anl`�

r�±� ��@�¤ .º�rK�� Tylm� Yl� dmt`� Tyl}±� Tynb�A� ��d��

Ah��wW�¤ ��d�� Tylm� Yl� A¡ Amt��¤ ��K�� Tylm`� Tbsn�A�

.TylyOft��

��d�±� Tyn� �� Tybbs�� T��C¤ Tylm`� �whfm�� �@¡ Yms§

Yl� �O�n� ©C¤rR �whf� w¡¤ .TylyOft�� Tynbl� Tyl}±�

Yl� dmt`§ e �d� d�¤ �Ð�� .�ytynb�� �y� �®ykKt�� ¨� ��AWt��

TylyOft�� Tynb�� ¨� e ��d�� �ym�  �� Tyl}±� Tynb�� ¨� e′ �d�

�t� ��As�� An�A�� ¨� A��¤ .e′ ��d�� �ym� Yl� dmt`�  � 	�§

�slst�� T�yt� ¿�A� �@¡¤ ,º�rK�� ¨� ry�±� �d��� Yl�  Amt�¯�

.��d�� Tylm� ��d�� �y� |¤rfm��

r�Ant�� T��C¤ 7.1.2

�km§ ®� r�An� Yl�  A�d� Tyl}¯� Tynb�� ¨� d�¤ �Ð�� ��Aqm�A�

.TylyOft�� Tynb�� ¨� r�An� Yl� Ty¶z��� Amh��d��  wk� ¯�
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Aqbs� ¤� ©dq� �kK� Aq�¯ A�� �t� ��d�� Tylm�  � AnRr� �Ð��

¨� Am� Ahlq} �km§ T�AWb�A� ��d�� Tylm�  �¤ .¨�rO� �kK�

Yl� �wO���¤ T�AWb�� �A�wl`� �A� � �®� �� ��As�� �A�m��

.�lbm�� �AWt�� �� �nb�� Tq��w�

Order

Pay Cash

Pay by Card

¤�) T�AWb�A� ��d�� �d� �q} d`� ¨lyOft�� «wtsm�� Yl`�

A��� .Amhylk� Ty¶z��� ��d�±A� ºdb�� �km§ ¯ ,(��d�� ¨�d� Yt�

(1)
.Ay�rO� ��d�� ��d�� ¤� �dq� ��d�� (��d��) @yfnt� �rK�  �

Order

Pay Cash

Obtain Info Bank Ack Cut

�qO�� ¨� Ty�A� Yn� ��d�tF� �d� 7.1.3

�A`�±� �q} ¨� A�� ,Ty�A� ��d�� Yn� �§r`� ,A§r\� ,�km§

 w�w� Tny`���d�� ��dbtF¯¨¡ T�¤rWm�� Ynb��  �� ��d�±�¤

,Ty�¤±� ��d�±� Yn� ¨� Ahy�� CAKm�� T��Cw�� An¡ r�Ant�� T��Cw� dOq§ ¯
(1)

.Tyl}±� Ynb�� ¨�  C�w�� r�Ant�� ��rt�� Am��¤
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�@h� ,Ty�A� Ynb� ��d�±� �l� ��dbtF� �kmm�� ry� �m� ,®`�

 ¤ �d��� �r� �t§ ��±� Yl`� .Ah� A�@�¤ ��d�°� A�§rf� d`§

.TylyOft�� Tynb�� ¨� w¡ Am� �d��� ��Ð rh\y� �q}

�¤d�� �ms§ d� Ty�A� Ynb� ��d�±� ��dbtF�  �� T�AR�

�d� m� �Ð� ®�m� . r�m�� Tynb�� ¨� T�wms� �k� �� ��@yfn�

�d�l� Hy� �y�� ,e′ r�� �d� ¢yl� dmt`§ e �¤d��� �y�ts�

Tynb� e �y�tsm�� �d��� ��dbtFA� Anm�¤ .«r�� �®`f� ©� e′

.TylyOft�� Tynb�� ¨� w¡ Am� e′ �d��� Yl� Anyq�� Amny� Ty�A�

A� w¡¤ ,TylyOft�� Tynb�� ¨� ®y�ts� e′ �d��� �bO§ �� A¡dn�

.�y�ts� �d� Yl� £ Amt�� T�yt�  r�m�� Tynb�� ¨� ¢yl�  A�

Ty�¤±� ��d�±� Yn� ¨� �qO�� 7.2

�q} �yRwt� �Of�� �@¡ ¨� ¯A�� Ty�¤±� ��d�±� Yn� @��n�

TyW�t� Ah��d�tF� �� ��d�� Yn� r�@nF¤ ,¨RA§C �kK� �A`�±�

TyRA§r�� �§CA`t�� ¨� |w��� �b�¤ .��d�±� �q} �wRw�

¨� Tysy¶r�� �y¡Afm�� {`� TK�An� �®� �� �§rW�� dhmnF

�§r`t� Ay�§Cd� �O� Yt� Ty�¤±� Ynb�A� QA��� ��d�±� �q}

.��AJ ¨RA§C

r�Ant�� �� Ty�A� Yn� ��d�tFA� �qO�� 7.2.1

¢�� |rtfn�¤ ,a Yl� b dmt`§ �y�� a, b �y�d�  w�¤ |rtfn�

Tynb�� Y�� b �d��� �q}¤ A Ty�¤� Tyn� Y�� a �d��� �q} �t§

 � ��nyF ��d�±� �q} dn� Tybbs�� T��C¤ Ty}A� 	bsb� .B
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 � ©� ,A Tynb�� ��d�� �ym� Yl� dmt`� B Tynb�� ��d�� �ym�

.B ��d�� �ykm� �t§ Yt� �w�w�� A Tynb�� ��d�� �ym� Yl�

��d�� �ym�  wk� �l� A Tynb�� ¨� r�An�  w�¤ AnRr� �Ð��

��d�� �bOtF ¢n�¤ .d��¤ �ykK� ¨� @yfntl� Tl�A� A Tynb�� £@¡

©� Yl� T§¤A� Yn� ��d�tF� �km§ ®� .�¤d��� Tly�ts� B Tynb��

.Ty�¤±� Ynb�� ��d�tFA� ��d�±� �q} dn� r�An�

Yn� ��d�tFA� �qO�� dn� 
wlW� ry� ªrJ �@h� ��Aqm�A�

 w�w� Ynb�� �l� �ms� �y� [28] Tyq�dt�� Ynb�� �� «r��

�ym� �w�¤ Ahny� ªrtK�¤ ,�d��� �Abbs� �y� ��r�Ant��

.Ahyl� dmt`m�� ��d�±� �ykm� �t§ Yt� r�Ant� ry��� �Abbsm��

Tyhtn� Yn� ��d�tFA� �qO�� 7.2.2

,Tyhtn� ry� ��d�� �A�wm��  w�w� Ty�¤±� ��d�±� Yn� �ms�

�� CAb� �d� ©� �Abbs� T�wm��  wk�  � ªrtK� �k�¤

B r�� �d� ¢yl� dmt`§ A �d� m� �Ð�� .Tyhtn� T�wm��

_Af���¤ ,Tyhtn� ry� ��d�� Tynb� A �d��� ��dbtF� �t§ �y��

Tybbs�� T��C¤ �t�  � A¡dn� 	�§ ,�qO�� ºAn�� B �d��� Yl�

Yl� �dmt`� B �d��� Yl� T�ytn�A� �O�nF �y� .�l`� Am�

��d�±� Tyn�  wk� �� ¨�At�A�¤ ,��d�±� �� Tyhytn� ry� T�wm��

.Ty�¤� Tyn� TylyOft��

Ty�¤� ��d�� Yn� ��d�tFA� ��d�±� �q} dn� ªrtK§ ¢yl�¤

�d� �dbm� ¢ybJ �@¡¤ ,Tyhtn� Ty�¤� Ynb� ��d�±� ��dbtF� �t§  �

.Ty�A� Ynb� ��d�±� ��dbtF�
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¨RA§r�� �§r`t�� 7.2.3

�y�� A� Ty�¤� Tyn� ��d�� Yl� �r`� �qOl� ��A� An§d� �ky�

,r�Ant�� �� Ty�A� ,(Ty�A� ry�) Ty�¤� Tynb� �d� �� ��Aq§

«r�� Tyn� �q} �� Tm�An�� Tynb�� �§r`� �t§ A¡dn� .Tyhtn�¤

¨� ��d�±� �A�C� �t§ �y� .[28] �� Ðw��m�� ¨�At�� �kK�� Yl�

��Ð¤ ,T§d§r�t�� Tynb�� ¨� Tyl}±� ��d�±A� TylyOft�� Tynb��

.�F¯� Hfn� TylyOf� ��d��  w�¤ dn� xAbt�®� A`n�

 A� �Ð�� .º�rK�� �A�m� d`n� ,Xsb� �kK� ��Ð �rK�¤

��¤ ,(An§�C Am�) ��d�� �d� �� ºz� �A�wl`m�� �A� � �d�

�A�wl`m�� �A� � �d�� AS§� ¹dtb§ ¢�� Yl� ��K�� �d� �q}

Tm�An�� TylyOft�� Tynb�� ¨� �y�d��� Xlt�§ ¯ Yt�� ,( w�zl�)

Ty¶An��A� �¤±� ¨lyOft�� �d��� zy�r� �t§ ,¾�d��¤ ¾A�d� A�bO§¤

�y� .(�A�wl`m�� �A� � ,��J) ¨�A���¤ (�A�wl`m�� �A� � ,�� )

d��¤ �r� ��) Ew�C ��d�tF� dn� C¤rR �wRwm�� �@¡ �bO§

�l� Ahl�m� ¨t�� �A`�±� ��d�tF� �� ¯d� ��d�±� zy�rt� ( A�

.��d�±�

Definition 2.7.1. Let π = (E,#,≤) be a prime event structure,
and ESprime be the set of all prime event structures. Let ref :
E → ESprime be the refienement function for π such that:

∀e ∈ E . ref(e) is finite, conflict-free and non-empty

Then the refeienemnt of π denoted as ref(π) is an event struc-
ture (E′,#′,≤′) such that:

� E′ = {(e, e′) | e ∈ E e′ ∈ Ee} where Ee is the set of events
of the structure ref(e)
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� (e1, e
′) ≤′ (e2, e

′′) ⇐⇒ e1 ≤ e2 ∨ (e1 = e2 ∧ e′ ≤e1 e′′)
where ≤e1 is the enabling relation of the structure ref(e1)

� (e1, e
′)#′(e2, e

′′) ⇐⇒ e1#e2

AhS`� �� Xb�r� Tm�An�� Tynb�� ¨� ��d�±�  � «r� �y�

TWb�r� Tyl}±� Ah��d�� �A� �Ð� Xq�¤ �Ð� Tybbs�� T�®`�A�

¨� ��d��¤ 	lW�� �d� ���)  r�m�� Tynb�� ¨� TybbF T�®`�

¨� �d��� Hfn� �bt� TylyOft�� ��d�±� �A� �Ð� ¤� ,(An�A��

¨�d� ���) TybbF T�®`� Ahny� Amy� Xb�r�¤  r�m�� Tynb��

�d��  A`�At�� �lbm�� �AWt��¤ �rOm�� Tq��w� Yl� �wO���

�AVAb�C� T�AR�� �ms§ ¯ A� �@¡¤ .( r�m�� Tynb�� ¨� ��d��

Tynb�� ¨�  w�w� �A� TybbF �A�®� QAqt�� ¤� d§d� TybbF

.T§d§r�t��

r�Ant�� Yl� T§¤A��� Ynb�� d`bts� An�� Am�¤ Tybbsl� Tbsn�A� A��

Xq�¤ �Ð� r�Ant� TylyOft�� Tynb�� ¨� ��d�±�  wk� ,�qO�� dn�

¯ �@¡¤ . r�m�� Tynb�� ¨� r�An� Yl� Tyl}±� Ah��d�� �A� �Ð�

.Ahyl�  A§z�� ¤�  r�m�� Tynb�� ��r�An� QAqt�A� £C¤d� �ms§

�qO��  � �tnts� ,r�Ant��¤ Tybbsl� �yf§r`t�� �§@¡ Yl� ºAn�¤

Ynb�� ¨� Tlqtsm�� ��d�±A� ,��d�±� Ty�®qtF� Yl� ^�A�§

�qO�� dn� TylyOft�� Tynb�� ¨� Tlqts� A��d�� �tntF  r�m��

.��As�� �§r`t�� ��¤

(TylyOft��) Tynb��  �� ,[28] ¨� Am� , A¡rb�� �km§ ,T�AR�

Ynb�� �qO� .Ty�¤� Tyn� Ah��Ð d�� ¨¡ �§r`t�� �@¡ ¨� T�r`m��

.Ty�¤� Yn� C¤rS�A� �tnyF �kK�� �@h� Ty�¤±�
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�qO�� dn� �®ykKt�� ¨� ¥�Akt�� 7.2.4

,¨RA§C 
wlF�� ��d�±� �q} �§r`� �� ¨sy¶r�� �dh��  �

�� AhS`� �� ��n� ¨t�� ��d�±� Yn� �y� X��rt�� �yRw� w¡

	stk� (Ty�¤±� T}A�¤) ��d�±� Yn�  � Am�¤ .�qO�� �®�

Yn� �y� X��rt�� CAhZ� �� d� ®� ,�®ykKt�� �®� �� Ah�¯¯ 

�y� X��rt�� CAhZ� �®� �� �qO�A� AhS`� �� Tm�An�� ��d�±�

.Ynb�� £@¡ �� Tm�An�� �®ykKt��

A� Yl� TylyOft�� Ynb�� ¨� T\�A�m�A� Yn`§ �qO��  � Am�¤

Tynb�� ¨� @yfn� �k� Tbsn�A� 	�y� , r�m�� Ynb�� ¨� �wms� w¡

.¢� ®q} ��m§ TylyOft�� Tynb�� ¨� @yfn� ¢� d�w§  � Tyl}±�

Am� TylyOft�� Ynb�� �ms� ¯  �� Yn`§ �qO��  � Am� ��Aqm�A�¤

¨� �ykK� �k� Tbsn�A� 	�y� , r�m�� Tynb�A� A�wms� �k§ ��

.Tyl}±� Tynb�� ¨� �ykKt� ®q}  wk§  � TylyOft�� Tynb��

CAb� TylyOft�� Tynb�� �®ykK�  wk�  � 	�§ ,r�� ryb`tb�

d`� ©� ,Ah��d�� �q} d`� �k�¤  r�m�� Tynb�� �®ykK� ��

.�qO�� ��¤ ¢� Tl�Aqm�� Tynb�� �� �ykKt� �d� �� ��dbtF�

®�� �km§ ®� .��dbtF¯� �@h� ª¤rK�� {`� �ln¡ �k�¤

.�A�m� Ty�At��  r�m�� Tynb�� @��nl� .�A� �ykKt� �d� ��dbtF�

a

b

c

:¨�At�� w�n�� Yl� Tynb�� £@¡ �q} �� ¢�� |rtfn�¤
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(a, e1)
(a, e2)

(b, e1) (b, e2)

(c, e1) (c, e2)

An�dbtF� �Ð� A¡dn� , r�m�� Tynb�� �� {a, b} �ykKt�� @��n�¤

�ykKt�A� b �d��� An�dbtF�¤ {(a, e1), (a, e2)} �ykKt�A� a �d���

¨t��¤ {(a, e1), (a, e2), (b, e1)} T�wm�m�� Yl� �O�ns� {(b, e1)}
An�dbtF� �Ð� �km� ry� �@¡¤ .TylyOft�� Tynb�� ¨� ®ykK� rbt`�

T�wm�m�� Yl� A¡dn� �O�ns� ,¨�A��� �ykKt�A� a �d���

.TylyOft�� Tynb�� ¨� ®ykK� rbt`� ¯ ¨t�� {(b, e1)}
{a, b} �ykKt�� ¨� a �d��� ��dbtF� �km§ ®� ��Aqm�A�

{(a, e1), (b, e1)} T�wm�m�� Yl� �O�nF An�± {(a, e1)} �ykKt�A�

 � ��Ð º�C¤ 	bs��¤ .TylyOft�� Tynb�� ¨� ®ykK� rbt`� ¯ ¨t��

«r�� ��d�� �ln¡ ©� ,Aym\�� Hy� {a, b} �ykKt�� ¨� a �d���

�ykKt� ¯� a �d��� ��dbtF� Ahny� �km§ ®� ,¢yl� dmt`� b ���

¨� Ah�w�¤ �kmm�� ��d�±� �ym� Yl� ©wt�§ (Complete) �A�

�d��� ��dbtF� �km§ ��Aqm�A� .Ahy�� a �d��� �q} �� ¨t�� Tynb��

¢�± ��Ð¤ {(b, e1)} ��� �mtk� ry� �ykKt� {a, b} �ykKt�� ¨� b
.b Yl� dmt`§ {a, b} �ykKt�� ¨� �d� �� A�

Tynb�� �®ykK�  � �Rw�¤ [28] �� Tsbtq� Ty�At�� Tn¡rbm��

Ah��d�� ��dbtF� d`�  r�m�� Tynb�� �®ykK� ¯� ¨¡ A� TylyOft��

��d�°� Tlmtkm�� �®ykKt�� A��r� �� ,Ty�A� ry� �®ykKt�

.Tym\�±� ry�
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Lemma 2.7.2. Let π = (E,#,≤) be a prime event structure,
and ref : E → ESprime be a refienement function. Let X ∈
C(π). We call X ′ a refienement of X by ref iff:

� X ′ =
⋃
e∈X

({e} ×Xe) where Xe ∈ C(ref(e)) \ ∅

� ∃e′ ∈ X . e ≤ e′ =⇒ Xe is complete.

Then C(ref(π)) =
⋃

X∈C(π)

ref(X)

�§Cwt�� �ÐAm� ¨� �qO�� 7.3

Refinment in Interleaving Models

(Interleaving) �§Cwt�� �ÐAm� ¤� ¨qyq��� ry� ���zt�� �ÐAm� rb`�

{`b�� AhS`� d`� Ah�w�¤ Ty�Ak�� �®� �� Tlqtsm�� ��d�±� ��

�l�§ A� �@¡¤ .�w�� Hfn� {`b�� AhS`� �� Hy�¤ ,	y�r� ©��

.��d�±� �q} dn� ¯AkJ�

,�ylqtsm�� b, c �y�d��� ^�®n�¤ ,��As�� �A�m�� �y�tnl�

r�±� ��@�¤ a, b, c r�±� �AqtJ� Tq�As�� Tynb�� ¨� �km§ �y�

:CA�µ� �AqtJ� �km§ ¢�� ^�®n� ,TylyOft�� Tynb�� ¨� A��¤ .a, c, b
(a, e1), (a, e2), (b, e1), (c, e1), (c, e2) •
(a, e1), (a, e2), (c, e1), (b, e1), (c, e2) •
(a, e1), (a, e2), (c, e1), (c, e2), (b, e1) •

Ty�®qtF� �� rb`§ ¨qyq� ry� ���z� �Ðwm� An§d�  A� �Ð� A��

�§r�±� �§@¡ �q} d`�¤ ,c, b ¤ b, c �§r�±� �®� �� c ¤ b
Yl� ¤� (a, e1), (a, e2), (b, e1), (c, e1), (c, e2) r�±� Yl� A�� �O�nF
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Yl� �O�� �� Annk�¤ ,(a, e1), (a, e2), (c, e1), (c, e2), (b, e1) r�±�

.(a, e1), (a, e2), (c, e1), (b, e1), (c, e2) r�±�
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8 
Ab��

Tm�A�

Ah�A�®�¤ ��d�±� �§r`t� �¤±� �Of�� ¨� 
Atk�� �@¡ �wq§

¨t��¤ ��d�±� Yn� Yms� TyRA§C Yn� �®� �� Ah�¤An� Tyfy�¤

Tn��ztm�� �\n�� TF�C ¤ �¤An� Yl� C Aq�� �ÐAmn�� «d�� �kK�

.Ahlyl��¤

Ynb�� £@h� �km§ �y� ¨�A��� �Of�� ¨� AS§� 
Atk�� �Rw§

@yfnt�� �whf� �®� �� Tn��ztm�� �\n�� �wlF �� ryb`t��

Am� �¯Aqt�¯� �� rb`§  � @yfntl� �km§ �y� . d`tm�� ¢�AkJ��

��d�±� �®qtF�¤ 	y�r� �� ¤� ,�®ykKt�� �Aqt�� �Ðwm� ¨�

¨� Am� ¨lsls� ¨W� �kK� ¤� ,Tb�rm�� �A�wm�m�� ¨� Am�

.CA�µ�

T�®`�  d`t� ¯AkJ� ��A��� �Of�� ¨� A¡d`� 
Atk�� �r`§

TybbF �¶�d� �§r`� �� �Ìkm§ Am� ��d�±� �y� Tybbs�� ¤� �y`ft��
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�Of�� ¨� ��m�A� 
Atk�� �wq§¤ .��d�±� �y`f� ¨� ��CAy�¤

¤� ©rZAn�®�� r�Ant�� �r`§ �y� r�Ant�� T�®`� Tbsn�A� ���r��

.��l� ��Aq�� r�Ant�� ��@�¤ ºAO�³� T�®�

��d�±� Yn� �y� T�CAqm�� Tyfy� Yl� ºwS�� 
Atk�� Xls§

A�R�¤ AFAF� �r`§ �y� ¨ml� 
wlF�� ,T�¤rWm�� Tflt�m��

Tm�An�� �®ykKt�A� Ahny� Amy� ��AWt� Ynb�� {`b� ,T�CAqml�

.��� ,Tb�rm�� �A�wm�m�A� ¤� CA�µA� �lt�� Amny�

�� ¨qybW� Y�nm� H�A��� �Of�� ¨� A¡d`� 
Atk�� �qtn§

�At�� @yfnt��¤ ym�� �fq�� ��� Ty`��¤ �A¡w§CAnyF T�@m� �®�

��d�±� Yn� �®� �� � Abtm��  A`btF¯� Tyn� T�@mn� A¡A§� AfZw�

.Tyq�dt��

Yl� ºwS�� Xyls� x As�� �Of�� ¨� 
Atk�� �¤A�§ A¡d`�

�Ay�AkJ� AK�An� ©rZAn�®�� ���zt�� Y�d§ ���zt�� �� QA� �w�

¢¶AW�³ Ah��d�tF� �km§ ¨t�� �ÐAmn��¤ ¢� TyRA§C T�¯ ºAW��

.Tf}�rtm�� 	y�rt�� Ynb� T�¯d��

�y� T§rb��� �A�®`�� �� �w� �§r`t� T§Ah� 
Atk�� �qtn§

Yt�¤ �y� �Rw§ �y� .�A`�±� �q} �®� �� ,��d�±� Yn�

,«r�� Tynb� ®q} ��m� Ah�� Tny`� ��d�� Tyn� �� �wq�� �km§

Yl� ^�A�§ ©@�� (Homomorphism) ��AKt�� �� A�w� �kK§ Am�

.�®ykKt�� �� �wnm� w¡ A�¤ �wms� w¡ A� ¤� ,Ynb�� Q�w�

«r�� ��w��� �§r`tl� �Aq�lm�� {`� 
Atk�� �yS§ �ry��¤

d`b�A� ��d�±� Ynb� Tym� �A�AR�� A�� ��mt� ��d�±� Yn� ��

T§w�¤±� T�®`� Ty�w� �Anys�t� ¤� ,�¯Amt�¯�¤ ¨n�z��

.Tyky�An§d�� Tybbs��¤
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� 
Ab��

«r�� ��d�� Yn� :��l�

TWb�m�� ��d�±� Yn� �.1

Inhibitor Event Structures

(Inhibitor Event Structures) TWb�m�� ��d�±� Yn��§r`� [5]¨���

¢�� Ynb�� £@¡ ¨� TyFAF±� rkf�� .Ty�¤±� ��d�±� Yn� Yl� ºAn�

��d�� �� T�wm�� �®� �� (�y`ft�� Hk�) �d� �yW`� �km§

T�wm�� �®� �� �d��� ��Ð �y`f�  A�� �km§ ¢��¤ ,Tynb��

Tybbs�� T�®� (
A`ytF�) T�@m� T�®`�� £@h� �km§ .«r�� ��d��

Yn� ¨� ©rZAn�®�� r�Ant�� ��@�¤ ,Ty�¤±� ��d�±� Yn� ¨�

.Ty�Er�� Ynb�� ¨� Tybbs�� T�®� Yt�¤ ,T`Fwm�� Ty�Er�� ��d�±�
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T�¤ zm�� ��d�±� Yn� �.2

Dual Event Structures

(Dual Event T�¤ zm�� ��d�±� Yn� �§r`� [19, 23] ¨� ��

,�§Cw�@m�� �y`�rm�� ¨�®yl�  Af§r`t���lt�§�y� ,Structures)

Ty�Er�� ��d�±� Yn� Yl� ºAn� Ynb�� £@¡ �§r`� �t§ [19] ¨f�

Yn� Yl� ºAn� [23] ¨� Ynb�� £@¡ �§r`� �t§ Amny� ,T`Fwm��

ªrJ ªAqF� ¨� �yf§r`t�� ®� �CAKt§ �k�¤ .Ty�Er�� ��d�±�

Am� ,T`Fwm�� Ty�Er��¤ Ty�Er�� Ynb�� ¨�  w�wm�� C�rqtF¯�

.¨bbs�� |wm��� T�A� Y�� © ¥§

TybbF ��rysf� ºAW�³ [23] ¨�  wf�¥m��  rfn§ ¢yl� ºAn�¤

�Ìkm§ ¨bbs�� C�rqtF¯� ªrJ 
Ay�  � .¨bbs�� |wm�l� Tflt��

Yn� �� d§d`�� (
A`ytF�) T�@m� �� T�¤ zm�� ��d�±� Yn�

Yn� ��� ,�hn� T§ryb`� Cd� r���  wk�  � ¨�At�A�¤ ,��d�±�

T`Fwm�� Ty�Er�� Yt�¤ ,rqtsm��¤ ,Ty�Er��¤ ,Ty�¤±� ��d�±�

.Ahyl� dmt`m�� �§r`t��  Amt�� �� �A� ¨�

T�¤ zm�� ��d�±� Yn� T�s� �yFw� �� ��@� T�AR�

�®� �� [19] ¨� T`Fwm�� Ty�Er�� ��d�±� Yn� Yl� dmt`m��

�Ð�� .��d�±� �y� Ty¶An� (Interleaving) �§Cw� T�®� T�AR�

AmhS`� d`� �w�w�� Amhnkmy� ,T�®`�� £@h�  AWb�r�  A�d� m�

.�w�� Hfn� A`� Hy� �k�¤ ,	y�r� ©�� {`b��
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�A§w�¤±�¤ ��d�±� Yn� �.3

Prioritized Event Structures

��d�� Yn� d`� ��d�±� �w�¤ �A§w�¤� �whf� T�AR� [4] ¨� ��

Yl� ��d�±� �y� H�Antl� Ty�� �A§w�¤±� ��m� �y� .Tflt��

�A§w�¤±� TF�C m� ��@�¤ .Tl`f� Ah`ym�  wk� A�dn� �w�w��

�y�d� H�An� ¢�AK§ A� �@¡¤ ,��d�±� Yn� ¨� CA�µ� �®� ��

.d��¤ ��A`� ��Ð Ty�wFA� Tyn� ¨� @yfntl�

¯¤ H�Antl� TRr� ®}� syl� Tl`fm�� ry� ��d�±� A��

 Ayb� �m`�� ��Ð ¨� �� ¢n�¤ .Ahyl� T§w�¤±� �whf� �ybW� �km§

¨� ¢� 	bsm�� �d���¤ �y`� �d� �y� �bW� ¯ T§w�¤±�  �

¯� �bW� ¯ ¨h� .r�Antm�� ��d�±� �y� ��@�¤ ,Ty�¤±� Ynb��

T§w�¤±� T�AR� AS§� m� ¢�AK� �kK�¤ .Tlqtsm�� ��d�±� �y�

T`Fwm�� Ty�Er��¤ Ty�Er�� Ynb�� ¨� Tybbs�A� Aht�®� TF�C ¤

.rqtsm�� ��@�¤

��d�±� Yn� ¨� Tyky�An§d�� Tybbs�� �.4

Dynamic Causality Event Structures

TqtK� ��d�� Ynb� Tyky�An§d�� Tybbs�� �whf� T�AR� [3, 1] ¨� ��

�y� .��d�±� �y`ft� ��CAy� Yl� ©w�� ¯ Ty�¤±� Ynb�� ��

T�AR� ¤� ,�§r�� �y�d� �y� Tybbs�� ªAqF� ¢�w�w� �d�� �km§

ªAqF³ Tbsn�A� A�� .�y�d��� �y� ®}�  w�w� �k� �� TybbF

�� a→ b Tybbs�� ªAqF�  � �AS§� �m`�� �@¡ ¨� �� dq� Tybbs��
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	bsm�� a �d��� Yl� A�� dmt`§ b �d��� ¢��� �wq�� ¢�AK§ c �b�

T�¤rWm�� Tybbs�� ¢�AK� T§CAy� TybbF £@¡¤ ,c �d��� Yl� ¤�

.T�¤ zm�� ��d�±� Yn� ¨�

CAhZ� �� dq� c �d� �b� �� a→ b Tybbs�� T�AR³ Tbsn�A�¤

�d���  � �y�� ,TyVrK�� Tybbsl� Th�AK� Ah�� Yl� Tybbs�� £@¡

¢�� Am�¤ .c �d��� �w�¤ �A� ¨� Xq� b �d��� �w�w� ©C¤rR a
Ynb�� �� TqtK� ��d�� Yn� Yl� Tyky�An§d�� Tybbs�� T�AR� m�

Yl� �dmt`� �d���  wk§  �� �ms� Tyq�dt�� Ynb�A� ThybJ Ty�¤±�

c �d�� �kmm�� �� �b}� ,(®y�ts� A�d� ��@�  wky�) ¢sf�

�y�� a → a ©� ,¢sf� Yl� TybbF T§ Amt�� a �d�� �yS§  �

r�Ant�� ¤�  A`btF¯� Ty�� ¢bK§ A� �@¡¤ .®y�ts� a �d��� �bO§

.a �d���  A`btF� �t§ c �d��� �w�w� ¢�� �y�� ©rZAn�®��

�®� �� AS§� ©rZAnt�� r�Ant�� T�@m� ¢yl� ºAn� �km§¤

�yS§ c �`� ��@�¤ c → c T§ Amt�¯� �yS§ a �d��� �`�

T�@m� Tybbs�� �A�AR³� �®� �� �km§ AS§�¤ .a→ a T§ Amt�¯�

T§ Amt�¯� �yS§ b �d��� �`�� ��Ð¤ ,��l� ��Aq�� r�Ant��

�w�¤ dn`� .c→ b T§ Amt�¯� �yS§ AS§� a �d��� �`�¤ c→ a
�@¡¤ ,c �d��� �w�w� ¯� r�µ� �w�¤ �km§ ¯ a, b �y�d��� d��

.��l� ��Aq�� r�Ant�� ��Ð ��d�±� Yn� ¨� £A�dhJ A�

Tyn�z�� ��d�±� Yn� �.5

Timed Event Structures

Ty�Er�� Ynb�� ��d�±¨n�z�� ry��t�� �whf� T�AR� [20, 19] ¨� ��

�� T�EC �k� (Time Unit) Tyn�E d�¤ fyR� dq� .T`Fwm��

¨m\�±� ry��t�� Tyn�z�� d�w�� �l� ��m� �y�� ,��d�±�
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¢yl�¤ .¢ly`f� T\�� �� º�dt�� ¢�w�¤ �t§ Yt� �`fm�� �d�l�

��d�±� �� �Ay¶An�� �sls� �� CAb� Tynb�� �l� ¨� r�±A�

 C�w�� ��d�±�  � CA�µ� �l� ¨� ¨h§db�� ��¤ .Ah�w�¤  A�E�¤

��d�±��lt� T�CAq� rkb� Tyn�E �A\�� ¨� Ah�w�¤ �� d� ¯¤�

�d� �w�¤ ��E  wk§  � 	�§ ,T�AR� .Aq�¯ r�±� ¨� ¨��� ¨t��

.�d��� ��Ð �y`f� ��E �� rb�� r�±� ¨� A�

T�AR� ��d�±� Ynb� Tyn�z�� ��ry��t�� T�AR� [9] ¨� AS§� ��

��Ð ��d�±� Yl� T�r`m�� Operations �Aylm`�� �� T�wm�m�

TlaslÌas��¤ (Disjoint Union) ¨lOf�� �Amt�¯� ��� ,¨n�z�� �y�wt��

.(Concatenation)

T¶CAW�� ��d�°� Tyn� r§wW� [19, 20] ¨� �� dq� ��@� T�AR�

�y� .T`Fwm�� Ty�Er�� ��d�±� Yn� Yl� ºAn� ,(Urgent Events)
�A� ¨� �w�w�� Ynb�� �l� ¨� T¶CAW�� ��d�±� Yl� 	�§

ºASq�� �b� Hy�¤ ,Tny`� Tyn�E Tlh� ºASq�� dn� ,Ahly`f� ��

T�@mn� ��d�±� £@¡ ��d�tF� �km§ �y� .A¡d`� ¤� Tlhm�� �l�

�� dq� .®�� �At�¥m�� ¨� Am� (Timeout) CA\t�¯� Tlh� ºAht��

¨� CA\t�¯� Tlh� ºAht�� T�@mn� ���rm�� �l� ¨� Ah��d�tF�

	�§ ,£@¡ T¶CAW�� ��d�±� Yn� ¨�¤ .(LOTOS) �A��A`m�� rb�

Ahnykm� �� ¨t�� ��d�±� �ym� Yl� A§¤A� ©� ,A�A� r�±�  wk§  �

.Ah�w�¤ 	�§ ¨t��¤ ,r�±� ��Ð ¨�

Tyn�E ��d�� Yn� r§wW� [19] C AOm�� Hf� ¨� �� dq� ,�ry��

�§r`t� Xq� Hy� Ynb�� �l� �wq� �y� .�bF Am� �dyq`� r���

��d�±� �w�w� (ry��t��) YO�±� ��z�� d§d�� ¤ T¶CAW�� ��d�±�

Yt� £¦ASq�� 	��w�� (Minimal Time) ��±� ��z�� �� ,�A� �kK�

�®� �� ��Ð �t§ �y� .Ahly`f� d`� �w�w�� �� ��d�±� �kmt�

Tn�E±� �� T�wm�� ¤� ��d�±� �w�w� Tyn�E �¯A�� d§d��

.(Discrete Time Points) TlOfnm��
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Ty�Amt�¯� ��d�±� Yn� �.6

Probabilistic Event Strcutures

ºAW�³ ,��d�±� �w�w� �¯Amt�¯� �whf� �A� � [19, 32] ¨� ��

��d�±� �ym�� [19] ¨� �� �y� .��d�±� Ynb� Ty¶AO�� T�b}

¨� ��d�±� �¯Amt�� �wm��  wk§ �y�� (Clusters) �A`m�� ¨�

 wk�  � ��d�±� £@¡ Yl�¤ ,T·m�A� T·� ©� d��¤ w¡ A� �AW�

 wkyF ,Tl`fm�� ��d�±� �q� A�dn`� .�®`fm�� Hfn� Tl`f�

Ah�¯Amt�� �wm�� ,�w�wl� T�Jr� ��d�±� �� T�wm�� �ln¡

.d��¤
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Ab��

�AkbJ �� ��d�±� Yn� T�®� :��l�

�A��A`m�� rb�¤ ©rt�

Ah��d�tF� �km§ ¨t�� TyRA§r�� �ÐAmn�� �� ��d�±� Yn� rbt`�

.�A��A`m�� rb�� ��@�¤ ©rt� �AkbK� TyRA§C �¯¯ ºAW�³

.|r��� �@h� ��d�±� Yn� �� ry�k�� r§wW� �� dq�

ºAW�³ [35] ¨� Am� Ty�¤±� ��d�±� Yn� ��d�tF� �� dq�

(Safe Tn�µ� ©rt� �AkbJ w¡¤ ©rt� �AkbJ ��  d�� �wn� T�¯ 

.Petri Nets)

��l� ��Aq�� ��r�Ant�� ��Ð ��d�±� Yn� ��d�tF� �� ��@�¤

.[30] �A� �kK� ©rt� �AkbK� T�¯ ºAW�³

(Inhebitor Event �AWb�m�� ��d�� Yn� r§wW� �� Am�

(Inhebitor TWb�m�� �A`�°� T�¯d�� ºAW�³ [5] ¨� Structures)
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.(Inhebitor Petri Nets) �AWb�m�� ��Ð ©rt� �AkbJ ¨� Arcs)

T�¯ ºAW�³ [22] ¨� Ty�Er�� ��d�±� Yn� r§wW� �� dq� ,T�AR�

.(LOTOS) �A��A`m�� rb��

T�¯ ºAW�³ Tyq�dt�� ��d�±� Yn� ��d�tF� �km§ ��Aqm�A�¤

,Tn�µ� �AkbK�� �� (�ryb`� r���) �F¤� ©rt� �AkbJ �� �wn�

.[8] ¨� Am� (Flow Petri Nets) Tyq�dt�� ©rt� �AkbJ ¨¡¤

��d�±� Yn� ¨� Tybbs�� �Aql��� ��d�tF� �km§ ,�ry��¤

.Parallel Composition �A��A`ml� ¨�rft�� 	y�rt�� dn� Tyq�dt��

¨� (Reflexive Conflict) ¨FAk`�¯� r�Ant�� ��d�tF� �km§��@�¤

�A��A`m�� rb� ¨� (Restrictions) ��dyyqt�� T�@mn� Ynb�� Hf�

.CSS
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� 
Ab��

T�r`m�� �A�lWOm�� Tm¶A�

Concurrency ���zt��

Concurrency Theory ���zt�� T§r\�

Concurrent Systems Tn��ztm�� �\n��

Concurrent ���zt�

Temporal Logic ¨n�E �Wn�

Linear Temporal Logic ¨W��� ¨n�z�� �Wnm��

Computational Tree Logic Ty�As��� r�K�� �Wn�

Web Services 	§w�� �A�d�

Formal Methods T§Cw} �¶�rV

Verification �q��

Property Ty}A�

93



Framework �m� TOn�

Event Structures ��d�±� Yn�

Actor Model �i�mm�� �Ðwm�

Model Checking �ÐAmn�� P��

Event �d�

Petri Nets ©rt� �AkbJ

Safe Petri Nets Tn�µ� ©rt� �AkbJ

flow Petri Nets Tyq�dt�� ©rt� �AkbJ

Unfolding Xs�

Process Algebra �A��A`m�� rb�

Configuration �ykK�

Trace r��

Simultaneously �w�� Hfn�

(Partially) Ordered Set, Poset Tb�r� T�wm��

Partial Order ¨¶z� 	y�r�

Computation TbFw���

Abstraction d§r�t��

Modeling T�@mn��

Causality Tybbs��

Conflict r�Ant��

Independent Events Tlqtsm�� ��d�±�

Prime Event Structures Ty�¤±� ��d�±� Yn�

Stable Event Structures rqtsm�� ��d�±� Yn�

Bundle Event Structures Ty�Er�� ��d�±� Yn�

Extended Bundle ��d�±� Yn�

Event Structures T`Fwm�� Ty�Er��

Asymmetric Event Structures T§rZAn�®�� ��d�±� Yn�
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Dual Event Structures T�¤ zm�� ��d�±� Yn�

Flow Event Structures Tyq�dt�� ��d�±� Yn�

Sequential Composition ¨sls� 	y�r�

Parallel Composition ¨�rf� 	y�r�

Dead Lock ym�� �fq��

Termination ºAht�¯�

Complete Configuration �At�� �ykKt��

Run, System Run @yfnt��

Family of Configurations �®ykKt�� Tl¶A�

Family of Posets Tb�rm�� �A�wm�m�� Tl¶A�

Remainder ¨�Ab��

Causality Cycle TybbF Tql�

Causal Ambiguity ¨bbs�� |wm���

Causal Disambiguity ¨bbs�� �wRw��

Stability C�rqtF¯�

Expressive Power T§ryb`t�� wq��

Expressiveness T§ryb`t��

More Expressive �ryb`� r���

Bundle T�Er��

Symmetric ©rZAn�

Asymmetric ©rZAn� ¯

Anti-symmetric ©rZAn� dR

Reflexive ¨FAk`��

Transitive ©d`t�

Consistency �As�¯�

Semantics �¯¯d�� - T�¯d��
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Maximal ¨m\��

Linear ¨W�

Enable �Ìk� - �Ì`�

Disable �ÌW�

Interleaving �§Cw�

Concatenation TlaslaF

Conjunctive Normal Form ¨l}w�� ©CAy`m�� �kK��

Disjunctive Normal Form ¨lOf�� ©CAy`m�� �kK��

Secured �aÌ�Á¥�

Prefix T¶ Ab��

Action Refinement �A`�±� �q}

Process T��A`�

Action �`�

Equivalence ¥�Akt��

Stratified Order Tb�rm�� T�wm�m��

Structure, so-structure Tf}�rtm��

Closure �®�³�

Closed Tql��

Downward Closed �fF°� Tql��

Left Closed CAsyl� Tql��

Non-determinism d§d�t�� �d�

Configuration Transition �®ykKt�� �Aqt��

Syntactic ¨O�

Mutex � Abtm��  A`btF¯� Tyn�

Timeout CA\t�¯� Tlh� ºAht��

Critical Region T�r� TqWn�
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Variable �w�t�

Resource CdO�

Urgent ¹CAV

Operation Tylm�

Homomorphism ��AK�
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يتطرق هذا الكتاب لنظرية التزامن )Concurrency Theory( كإحدى نظريات 

إحدى  تعد  والتي   )Event Structures( الأحداث  بنى  خلال  من  الحوسبة، 

 )Concurrent Systems( النماذج الرياضية القادرة على دراسة النظم المتزامنة

وتحليلها. يوضح الكتاب مفهوم الحدث Event وآليات تكراره وعلاقات الأحداث 

التنفيذ  لمفهوم  إضافة   ،)Conflict( والتنافر   )Causality( كالسببية  ببعضها 

)System Run( الذي يعبر عن سلوك النظم المدروسة.

بأسلوب  المختلفة،  الأحداث  بنى  بين  المقارنة  كيفية  الضوء على  الكتاب  يسلط 

تلك  استخدام  الأمثلة عن  بإعطاء  ويقوم  للمقارنة،  واضحا  أساسا  يعرفّ  علمي 

المتبادل  الاستبعاد  وبنية   )Dead Lock( الميت  القفل  نمذجة  خلال  من  البنى 

)Mutex( وغيرها. يحاول الكتاب تسليط الضوء أيضا على نوع خاص من التزامن 

 )Semantic( اللاتناظري مناقشا إشكاليات إعطاء دلالة رياضية التزامن  يدعى 

له.

ينتقل الكتاب نهاية لتعريف صقل الأفعال )Action Refinement( كنوع من 

المستوى  الانتقال من  كيفية  يوضح  الأحداث. حيث  بنى  بين  الجبرية  العلاقات 

المجرد في التصميم )Design( الخاص بالنظم المتزامنة إلى المستوى التفصيلي في 

التحقيق )Implementation( لتلك النظم.

لبنى الأحداث  للتعريف بإضافات كمية  الملحقات  الكتاب بعض  وأخيرا يضيف 

والسببية  الأولوية  كعلاقة  نوعية  بتحسينات  أو  والاحتمالات،  الزمني  كالبعد 

الديناميكية.


